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ABSTRACT ARTICLE HISTORY
Determinantal point processes (dpps) are widely used for modeling Received 7 March 2025
repulsive behavior in spatial point patterns, yet their extension to spatio- Accepted 6 February 2026

temporal settings has received little attention. This paper develops KEYWORDS
a comprehensive framework for spatio-temporal dpps (stdpps) based Covariance function;

on covariance and spectral representations. We establish fundamen- regularity; simulation;
tal existence conditions; derive closed-form expressions for first- and spatio-temporal point
second-order summary functions—including the pair correlation func- process; spectral density

tion, spectral density, and space-time K-function; and introduce both
separable and non separable covariance structures that capture spatial,
temporal, and joint space-time inhibition. The theoretical developments
are illustrated through simulated examples, which highlight how spatial
and temporal range parameters govern the strength and extent of
repulsion. Together, these results provide a flexible and computationally
tractable framework for modeling regularity in space-time point process
data.

1. Introduction

Spatio-temporal point processes (STPPs) provide a unified framework for modelling events
that occur across space and time, thereby capturing the dependencies between spatial loca-
tions and temporal dynamics. Formally, let X = {(u;, t;) fi 1 €W x[0,T), where W C R is
a spatial domain, T > 0 is a finite time horizon, and N € N denotes the random number of
observed events. Although general theory allows d > 1, in this work we focus on d = 2. Thus,
X defines a spatio-temporal point process, a random collection of events located within the
space-time region W x [0, T). Each event (u, t) € X corresponds to an occurrence at spatial
location u € R? and time ¢ € R (Diggle 2007; Gonzélez et al. 2016). These models have broad
applications across various domains, including modelling epidemic outbreaks (Mgller and
Ghorbani 2012; Diggle 2013; Meyer et al. 2012; Ghorbani et al. 2025), species distributions
(Soriano-Redondo et al. 2019; Seaton et al. 2024), and natural disasters (Ogata 1998; Gonzalez
etal. 2019; Bernabeu et al. 2024). For a comprehensive overview of the theory and applications
of spatio-temporal point processes, see the excellent review by Gonzalez et al. (2016) and the
references therein.
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Classical Gibbs and Markov point process models have long been employed to rep-
resent inhibitory or repulsive interactions between events (e.g., Lieshout 2000; Lieshout
and Baddeley 1996; Moller and Waagepetersen 2004). These models are typically defined
through probability densities (or equivalently, Papangelou conditional intensities) involving
analytically intractable normalizing constants, making the likelihood function analytically
unavailable in general (see, e.g., Moller and Waagepetersen 2004, Chapter 7). Consequently,
parameter inference often relies on computationally intensive simulation-based methods such
as Markov chain Monte Carlo (MCMC) or birth-death Metropolis algorithms rather than
direct likelihood-based inference (Lieshout 2000; Moller and Waagepetersen 2004). This
computational burden has limited the practical applicability of these models in large-scale
spatio-temporal data settings (Moller et al. 1998; Moller and Waagepetersen 2007). These
challenges have also hindered the development of spatio-temporal extensions of Gibbs and
Markov models; only a few such models have been proposed, for instance, the multi-scale
area-interaction model of Iftimi et al. (2018), and spatio-temporal hard-core process of Cronie
and Van Lieshout (2015).

Originally introduced by Macchi (1975) as fermion processes, determinantal point pro-
cesses (DPPs) provide a computationally tractable alternative for modelling repulsive inter-
actions. Defined via the determinant of a matrix based on a kernel function (see Section
2), ppps exhibit strong repulsion and have been extensively studied in the spatial domain
(Lavancier et al. 2015; Biscio and Waagepetersen 2019; Moller et al. 2023). Subsequent
research has focused on developing efficient sampling algorithms (Kulesza and Taskar 2012;
Affandi et al. 2013; Affandi et al. 2014) and parameter estimation methods (Biscio et al. 2016;
Lavancier et al. 2022). Despite these advances, the modelling of spatio-temporal dependencies
via DPPs remains relatively unexplored. Figure 1 illustrates the difference between two point
patterns: one generated from a pPP, which enforces distance-based repulsion and yields a
well-dispersed configuration with uniform coverage, and another obtained by independent
random sampling from a Poisson point process with the same number of points, which
visually exhibits random clustering. We summarize key distinctions among common spatio-
temporal point process models in Table 1.

A naive extension of spatial ppps that simply adds time as an additional dimension fails
to capture the intrinsic temporal dynamics often observed in real-world phenomena, such
as disease outbreaks, earthquake aftershocks, and network traffic, where past occurrences
influence future events. This motivates the development of a framework that explicitly models
spatio-temporal interactions rather than treating time as an additional spatial coordinate. The
main contributions of this work are as follows: (i) We develop a mathematical framework
for ppps that extends their fundamental properties from purely spatial to spatio-temporal
domains; (ii) We introduce valid covariance structures that capture both spatial and temporal
repulsion while ensuring positive semi-definiteness; (iii) through an extensive simulation
study and theoretical explanation, we demonstrate the practical use of these models. For
convenience, we refer to this spatio-temporal extension of Dpps as the sTDPP framework. By
incorporating a temporal kernel, sTppPs overcome key limitations of spatial pDpPs, enabling
more accurate modelling and prediction of event occurrences over space and time. The
proposed framework provides a powerful tool for analyzing complex event dynamics in
real-world datasets. For example, accurately modelling the spread of epidemics requires
accounting for both geographic dispersion and temporal progression, dependencies that
traditional Markov models often struggle to capture efficiently.
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Figure 1. Comparison of two point patterns: (Left) a spatial realization from a dpp showing repulsive
behavior, and (Right) a realization from a Poisson point process conditioned on the same number of points,
exhibiting random clustering.

Table 1. Comparison of common spatio-temporal point process models.

Model Interaction Type Tractability Simulation Inference
Gibbs / Markov Repulsive or attractive Intractable likelihood MCMC Computationally heavy
LGCP Clustered (attractive) Log-Gaussian structure Fast High variability
stdpp Repulsive Closed-form covariance Exact thinning Efficient

2. Basic concepts and statistical properties

Let X be a spatio-temporal point process in the planar setting, that is, X € R? x R. Assume
that X admits nth-order product densities p™ (n > 1), which describes the frequency of con-
figurations of n events in space-time. Let By, . . ., B, be pairwise disjoint infinitesimal space-

time regions with infinitesimal volumes dV7, ..., dVy,, each containing an event (u;,t;), i =
1,...n. Then,

,O(n)((ul, t)s oo os (U tg))dVy - - AV,

is the probability that X places exactly one event in each of the regions By, ..., B,. More

formally, for any Borel sets Bj, ..., B, C R? x R, the expected number of ordered n-tuples
of distinct events of X fallingin By x --- x By is

E[ Z ﬁ 13, ((us, ti))]

((ul ’tl)“"(unatn)) eX i=1
(it uty) Vi

:L / p(n)((ul’tl)-'->(unstn)) d(ul’tl)"'d(un)tn)’

where each point (u;, ;) € R? x R denotes an event’s spatial and temporal coordinates (Daley
and Vere-Jones 2008; Cronie and Van Lieshout 2015; Iftimi:etal:18).
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Definition 1. Let C be a kernel function from (R? x R) x (R? x R) to R. A spatio-temporal
point process X is called a Spatio-Temporal Determinantal Point Process (STDPP) with kernel
function C, written X ~ sTppp(C), if its nth-order product density is given by

P (1, 10), - (s 1)) = det{ C((uis 1), (w5, 1) }, i<w

for (uj, 1) € (R? xR) and n=1,2,.... Here, {C((uj,;), (4, tj)) h1<ij<n denotes the n x n
matrix with entries C((u;, t;), (uj, tj)), and det{A} denotes the determinant of the matrix A.

A Poisson process with intensity function p(u, t) emerges as a special case of sTppp(C)
when

C((w, 1), w, 1)) = p(u, 1), and C((u,5),(n,1)) =0ifu#vors#t.

In this case the kernel matrix is diagonal, so its determinant reduces to the product of its
diagonal entries, and the points of X are independent.

In general, a point process X is well-defined only when its product densities are non
negative for all configurations of # points, that is,

,0(")((”1, t1)s. .., (Up, tn)) >0 forall {(ui, ti)}?:p
which can be viewed as the joint intensity function describing the likelihood of observing
n points at specific space-time locations. This fundamental requirement guarantees that the
associated probability density is well-defined and non negative. For a sTDPP as in Definition
1, this requirement is satisfied whenever the Gram matrix

C= :C((ui, t), (u;j, tj))}
1<ijj<n

is positive semi-definite for every finite configuration {(ui,t1),..., (U t,)}. Indeed, for
Hermitian positive semi-definite matrices, the determinant equals the product of non neg-
ative eigenvalues (see, e.g., Strang 2006; Horn and Johnson 2013; Adachi 2020), and hence
o™ (x1,...,%,) = det(C) > 0. Thus, any valid covariance function-i.e., any kernel that yields
positive semi-definite Gram matrices—is an admissible choice for constructing a sTppp. This
condition is analogous to the positive semi-definiteness requirement for covariance functions
in Gaussian process theory and plays the same foundational role in ensuring probabilistic
coherence and numerical stability of the sTDPP framework.

A further necessary condition for the existence of a sTpbpp(C) is that all eigenvalues
{X¢}e>1 of the associated integral operator satisty 0 < Ay < 1, £ = 1,2, ..., which is the natural
spatio-temporal extension of the classical DPP spectral condition (Lavancier et al. 2015) This
condition guarantees that the Fredholm determinant det(I — C4) (Borodin et al. 2019), that
defines the void probability P(X(A) = 0), remains within [0, 1] for any bounded region A,
where Cy4 is the restriction of C to A x A. Eigenvalues outside this range would lead to
invalid (negative or greater-than-one) probabilities, violating measure consistency. Intuitively,
each eigenvalue A, quantifies the repulsion strength or occupancy level of the process along
orthogonal spatial-temporal modes. Each eigenfunction of C represents an independent
mode of variation in the underlying space-time field, and its associated eigenvalue acts as
a weight determining how likely this mode is “occupied” by a point. When A, =1, the
corresponding mode is fully occupied, implying perfect exclusion in that component, no
two points can simultaneously occur in that mode. When 0 < A, < 1, the mode is only par-
tially occupied, allowing some proximity between events. Values Ay > 1 would imply “over-
occupation,” which would force the determinant, and hence the corresponding probability,
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to become negative, an impossibility. Hence, the spectral bound 0 < Ay < 1 is both necessary
and sufficient for the existence of a determinantal point process with kernel C.

As previously mentioned, any valid covariance function that produces a positive semi-
definite matrix is an admissible choice for the kernel C. The structure of this covariance
function plays a critical role in capturing the underlying space-time interactions. In this study,
we consider two main classes of covariance models:

o Separable models, where the kernel factorizes into independent spatial and temporal
components. These models simplify computation but can limit flexibility in representing
complex dependencies (see details in Section 3.2).

o Non separable models, where spatial and temporal interactions are coupled, allowing more
realistic modelling of space-time dynamics at the expense of increased computational
complexity (details explained in Section 3.3).

By leveraging the spectral properties of pPP kernels, the proposed approach preserves
computational efficiency while extending applicability to space-time point pattern data.
The sTDPP framework thus provides a scalable and interpretable model for repulsive event
interactions evolving across space and time.

2.1. First- and second-order characteristics

By Definition 1, the moment characteristics of arbitrary order n (n > 1) follow directly. The
first-order intensity function is
p(u,t) = C((u, ), (u, 1))
and the second-order product density, which describes the interaction between two points, is
P2 ((u1, 1), (2, 12)) = C((u1, 1), (1, 1)) C((12, £2), (w2, £2)) — [C((ur, 1), (2, 1)),
To jointly model spatial and temporal dependencies, we consider kernels of the form

C((u1, 1), (12, 1)) = /p (ur, 1) R((’“a’ W, %) Vo t), (1)

s

where R(:,-) is a valid space-time correlation function. The parameters o > 0 and o > 0
are the spatial and temporal scale parameters, respectively, and control the corresponding
correlation ranges. The intensity function p(u,t) specifies the inhomogeneous first-order
structure. This parametrization makes explicit that spatial and temporal components are
scaled independently: « affects only spatial distances, whereas «; governs temporal lags. The
model accommodates both homogeneous and inhomogeneous settings, and the correlation
function R(:, -) may be chosen as either separable or non separable, as described in Sections
3.2-3.3. The inhomogeneous space-time pair correlation function is then given by

/0(2) ((1/[1, tl): (uZ) t2))
p(u1, t1) p(uz, t2)
2
=1—- ‘R((ul,tl)/as; (uZ)tZ)/at) ‘ <1

Since g((u1, t1), (42, t2)) < 1for all distinct points, the process exhibits repulsive interaction, a
hallmark of regular point patterns (Moller and Waagepetersen 2004; Illian et al. 2008; Gabriel
2014). Smaller values of g (closer to zero) indicate stronger repulsion, whereas values closer
to one correspond to weaker interaction, approaching Poisson behavior.

g((ul’tl)’ (uZ)tZ)) = (2)
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2.2. Second-order intensity reweighted stationarity

A spatio-temporal point process X is said to be second-order intensity reweighted stationary
(SOIRS) if its pair correlation function depends only on spatial and temporal lags, that is,

g((ur, 1), (2, 1)) = go(uz — uy, tr — t1)

for some function g (see, e.g., Baddeley et al. 2000; Ghorbani 2013). SOIRS does not require
a constant intensity; only the reweighted second-order structure is translation invariant.
For a sTDPP with kernel of the form (1), (2) implies that SOIRS holds whenever
luz —wall |82 — 1]
R((ul,tl)/()ls, (uZ)tZ)/at) =R0( > >

As (243

for some correlation function Ry with R(0,0) = 1. When, in addition to SOIRS, the process
is stationary so that p(u, t) = p is constant, the kernel form (1) implies that

p =C(0,0) = p Ry(0,0).

Because any valid correlation function satisfies Ry(0,0) = 1, the intensity is indeed given
by the kernel evaluated at zero spatial and temporal lags. Thus, in the stationary case,
the kernel simultaneously determines both the marginal intensity and the second-order
dependence structure, in direct analogy with the variance-covariance link in second-order
stationary random fields. The normalization Ry(0,0) = 1 ensures that the correlation attains
its maximum at zero lag, and that the decay of Ry governs how repulsion weakens across space
and time. If, in addition, Ry is isotropic in space, then the pair correlation function (2) depends
only on the spatial distance r = || uy — u1|| and the temporal lag s = |, — #;], yielding

g(r,s) =1 — [Ro(r/as, s/ap)|’. (3)

Repulsion weakens as either r or s increases, and the process approaches independence as
Ry — 0. We refer to (rg, so) as a correlation range if g(r, s) & 1 whenever r > rg or s > sp.

For a SOIRS, spatially isotropic, and constant-intensity process, the space-time K-function
(Gabriel and Diggle 2009; Moller and Ghorbani 2012) is

r N
K(r,s) =2m / / g(u, t)y ududt,
0o Jo

where g is given by (3). Substitution of (3) yields

K(r,s) =mr’s — /r /S |Ro(u/as, t/o:t)|2 ududt. (4)
0o Jo

Under these assumptions, the stationary space-time g- and K-functions coincide with their
classical forms.

3. Examples of spatio-temporal determinantal point processes

This section develops a family of stationary spatio-temporal covariance structures suitable for
constructing valid sTppps. The exposition is organized around the spectral representation of
covariance functions, which provides a natural and analytically tractable route for verifying
the existence condition of sTDPPs. In particular, the requirement that the spectral density
satisfies ¢(w, T) < 1 guarantees that the associated covariance operator has eigenvalues in
[0,1], thereby yielding a valid sTDPP. Section 3.1 reviews the covariance-spectral duality,
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which forms the mathematical foundation for constructing space-time kernels. Sections
3.2 and 3.3 develop separable and non separable covariance models by employing the
Fourier transform of positive finite measures—known as spectral measures, motivated by their
interpretability and their ability to encode different forms of space-time repulsion.

3.1. The covariance function and its spectral density

For a stationary spatio-temporal random field, the covariance function may be expressed as
the Fourier transform of a positive finite measure, establishing a fundamental link between
spatial-temporal dependence and its spectral representation. According to the Wiener-
Khintchine theorem (see, e.g., Rasmussen and Williams 2006), if the spectral density function
@(,-) exists, the covariance function C(-, -) and the spectral density ¢(, -) are Fourier duals,
given by

C(r,s) = /R N 29 () Ty dwds,
o(w,T) = /d+1 e_zm(“’TrJr”)C(r, s)drds, (5)
R

where w € R? is the spatial frequency and w”u denotes their inner product, and v denotes
the temporal frequency. This duality provides a powerful characterization of the dependence
structure: the covariance function describes local interactions in space and time, while its
spectral density captures the same information in the frequency domain.

For a sTppp with kernel C, the spectral density must satisfy

(o, 1) <1, for all (w, 1) € RY x R (6)

which is the spatio-temporal extension of Proposition 3.1 in Lavancier et al.(2015). Condition
(6) is the frequency-domain analogue of the eigenvalue constraint 0 < A, <1 for the finite-
dimensional Gram matrices introduced in Section 2, thereby guaranteeing that all determi-
nants defining product densities are non negative. Intuitively, ¢ (w, T) measures how strongly
the process “occupies” the spatio-temporal frequency (w, 7): ¢ (w, T) = 1 correspond to a fully
occupied mode (maximal repulsion), ¢ (w, T) = 0 to an unoccupied mode (no contribution).
The upper bound 1 prevents over-occupation and thus preserves the repulsive nature of
STDPPS.

3.2. Separable spatio-temporal covariance function

A widely used class of space-time covariance functions is the separable class, for which spatial
and temporal dependence factorize. A separable kernel can be written as

Csep(r,5) = Cy(r) Co(s), (7)

where C) and C}, are valid spatial and temporal covariance functions. This form offers
substantial analytical and computational advantages: positive definiteness follows directly
from the validity of the marginal covariance functions, and spectral calculations become
tractable. The corresponding spectral density has the product structure

vt =[ [ emlicimar] < [ [ erciod] =g,
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where ¢5(w) and @{(t) are the spatial and temporal spectral densities, respectively.
Using the existence condition (6), a sTpPP with kernel (7) exists whenever ¢§(w)gf(7) <
1, for all (w, 7).

For this class of kernels, the pair correlation function,based on formula (2), takes the simple
form

2 2

g(”’ S) =1- Rg(?’/()ls) R(t)(s/at) > (8)

where R§ and R}, are the correlation functions in space and time and «, o > 0 are spatial and
temporal scale parameters, respectively. The associated K-function derived using formula (4)

is given by
2 s
du /
0
3.2.1. Gaussian-exponential stdpp model:
A wide range of valid spatial and temporal covariance models have been proposed in the
literature, including the Matérn, power-exponential, and Gaussian classes (see, e.g., Matérn
1960; Cressie 1993; Cressie and Wikle 2011). As an illustrative example, we consider the
Gaussian covariance function

r

K(r,s) = mr’s — / u

0

2
R (u/as) Ry(t/ay)| dt. 9)

Cy(w) = /pexp(—llul*/af), ueR?,

with spectral density ¢j(w) = ﬁnaf exp(—n2a52||a)||2) for spatial component, and the
exponential covariance function

Ch() = pexp(—ltl/ar), tER,

with spectral density (p(t,(r) = (2 /pay) /(1 + 4n2at2|1:|2) for temporal. Here oy > 0 and oy >
0 are the spatial and temporal range parameters, respectively. Note that C(0,0) = p. Thus,
with these choices, a stationary sTppp with intensity p and the separable covariance function

lull> el
Csep(u, 1) = p exp ( - —) (10)
o ot
will exist if
2w paay
Psep(w, T) = : exp (—nzafllwllz) < 1. (11)

(1 + 4m2a?7?)

We call this model Gaussian-exponential sToPp model and denote it by sToPP(Ciep ). Since the

maximum of the spectral density occurs at (0, 0), thus the existence of a sTDPP(Csep) simplifies

top < (Znafozt)’l, hence the maximal admissible intensity is pmax = (Znaszat)’l. Using (8),

for this process the pair correlation function is simply given by
22 2s

g(r,s):l—exp(————) (12)

o o
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Figure 2. Theoretical covariance function (top row) and pair correlation function (bottom row) for the
Gaussian-exponentialstdpp model. Each column corresponds to a different combination of spatial and
temporal range parameters («s, @¢), chosen so that the model is admissible for an intensity p = 90. The

results illustrate how increasing spatial and temporal ranges extends the range of interaction and enhances
the strength of repulsion.

and the corresponding K-function, obtained from (9), is given by the following closed-form

expression
2u?
K(r,s) = mrs —/ / exp - —)ududt
ot

=7ris — a8at (1 e )(1 - _25/0”>. (13)

The covariance function in (10) is strictly increasing in the spatial and temporal range
parameters o; and o for any fixed (u, t) # (0,0). Increasing either parameter slows the decay
of spatio-temporal correlation, indicating that events remain correlated across larger spatial
distances and longer temporal lags. This behavior is clearly visible in Figure 2 (top row), where
the covariance surfaces broaden as a; and o; grow, confirming their interpretation as spatial
and temporal range parameters.

In contrast, the pair correlation function in (12) decreases monotonically with both o
and «; for any fixed (r,s) # (0,0). Analytically, the partial derivatives of g(r, s) with respect
to a; and o, are strictly negative, demonstrating that larger range parameters reduce g(, s)
and thus strengthen inhibition. This pattern is visually confirmed in Figure 2 (bottom row),
where increasing o; or o lowers the values of g(r,s) and expands the region of repulsion.
Thus, a5 and a; govern the spatial and temporal scales of dependence: small values produce
short-range, localized repulsion, whereas larger values yield broader, longer-lasting inhibition
across space and time.
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3.3. Non separable spatio-temporal covariance function

While separable models are analytically convenient, many real processes exhibit joint spatial-
temporal dependence that cannot be factorized into purely spatial and purely temporal
components. Following Fuentes et al. (2007), we consider a flexible class of non separable
spatio-temporal spectral densities of the form

Ye(w,T) = y(ozszozt2 + ozt2||a)||2 + 05521:2 + ella)llztz)_v. (14)

which generalizes the widely used Matérn-type spectral densities used in spatial statistics
(Cressie and Wikle 2011). The non negative parameter o, ! (spatial range) governs the rate of
the spatial correlation decay, while the non negative parameter o, (temporal scale) controls
the decay rate for temporal correlation, and y > 0 is a scale parameter. The smoothness
parameter v determines the differentiability of the process and must satisfy v > (d + 1)/2 for
the spectral density to be finite. The interaction between spatial and temporal components
is governed by €: the model is strictly non separable for 0 < € < 1 and becomes separable
when € = 1. The maximum of the spectral density ¢. occurs at (w, 7) = (0,0) and equals
y (¢2a?)™"; hence, a sTDPP with spectral density (14) exists if y < (ozszatz)v.
3.3.1. Separable Matérn stdpp model:

In the separable case, i.e., when € = 1, the spectral density factorizes as

pe=1(0,7) =y (a + lo)?) " (ef + 1) " = 031 (@)@ (0), (15)

where ¢3,(w) and ¢};(t) are Matérn-type spectral densities in space and time, respectively.
By applying the Fourier inversion formula (5) and using the formulas 6.726.4 and 8.432.5
in Gradshteyn and Ryzhik (2007) with d = 2, the corresponding separable spatio-temporal
covariance function is

Ce=1(u, 1) =

Ay (2n|t|>v—1/2(2nllull>v—1

2P0\ o o
x K,y (2reilt]) Ky (2l

where K, (-) is the modified Bessel function of the second kind of order v. The spatio-
temporal covariance Cc—1 (4, t) is thus equal to the product of Matérn covariance functions
in space and time. We refer to the sTpPP model generated by C.—; as the separable Matérn
stppp model, denoted by sTpPP(C.=;). Using the special cases, K 1 (x) = e_x(2x/7r)_1/ 2

and IC 3 (x) = e *(1 + x~ 1 (2x/m)~'/? (Abramowitz and Stegun 1992), the above covariance
function for v = 2 simplifies to

2
g

Cemt (1) = g{w[amm + D) exp(—2ra [t ][ @raslul) K1 @raglul)]. (16)

st
For this case, using the property limy_, o x/C; (x) = 1 (Yang and Chu 2017), the intensity of the
processis p = Cc=1(0,0) = (yrrz)/(4a52a[3). Since y < afaf, a sTDPP with kernel (16) exists
if4p < nzaszott. For this separable case with € = 1, the pair correlation function, using (3), is

given by
2
glrs)=1-— [(Znats +1)2 exp(—4mxts)] [(Znasr)lCl(Znasr)] , (17)



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS . 5137

and the corresponding K-function is

nasr4
K(r,s) =mr’s — A(s) B(r), (18)
60[t
where
B(r) = K1Qrasr)? — KoQrasr) Ka(Qrasr),
and

7
A =3 - e MU (3 4 8 ays + 80 s?).

For the separable Matérn model, the covariance function in (16) decreases monotonically with
the spatial and temporal scale parameters «; and o for any fixed (u, t) # (0,0), and therefore
increases with their inverses o 1 and o 1 So, under this parameterization, the spatial
and temporal range parameters are o, ' and «; '. Larger values of these range parameters
correspond to a slower decay of the covariance function, producing longer-range spatial
and temporal dependence. This behavior is clearly visible in Figure 3 (top row), where the
covariance surfaces become broader as o Land o increase. In contrast, the pair correlation
function in (17) exhibits the opposite behavior. Since g(7, s) increases with o, and oy, larger
scale parameters (i.e., shorter ranges) yield weaker inhibition, with g(r, s) approaching 1 more
rapidly. Conversely, increasing the range parameters o, ! and a; ! leads to stronger and more
persistent repulsion. This is illustrated in Figure 3 (bottom row), where the region in which
g(r,s) <1, expands as the range parameters grow, indicating that inhibition extends over
greater spatial and temporal scales.

3.3.2. Non separable Matérn stdpp model:

For € € (0, 1) the spatio-temporal covariance function corresponding to (14) does not admit
a simple closed-form expression and must be computed numerically. For the case € = 0, the
stationary non separable spatio-temporal spectral density is given by

Peo(@,7) =y (o + of|ol” + af7?) 7, (19)
which is non separable but still admits an explicit covariance function. Combining (5)
and (19), and applying formulas 6.726.4 and 8.432.5 in Gradshteyn and Ryzhik (2007), the
covariance function for general d is

a1 2yt
yr 9 2 2
Colu, ) = {ms((—t) + l1ull?) }
zv_d;rl l_,(‘))065(21;—(1)0%(21)—1) o

o 1/2
x K, _as1 <2na5<(—t £ + ||u||2> )
2 o

where KC,, denotes the modified Bessel function of the second kind. According to (6), for d = 2
and v = 2, there exists a STDPP with kernel
2
T 1/2

Colu, t) = 22— exp (—Zn (a3|t|2 n a§||u||2) ) (20)
2020,

if and only if ¥ < . Further, it follows that for this covariance functions, the intensity

is p = Cy(0,0) = (yJTZ)/(Zoesza?). Thus, under the condition y < ozfaf, it holds that 2p <
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Figure 3. Theoretical covariance (top row) and pair correlation (bottom row) functions for the separable
Matérnstdpp model. Each column corresponds to a different combination of spatial and temporal range

parameters (a;’,aﬂ) selected in accordance with the existence condition assuming pmax = 90. The

results demonstrate that increasing o, ' and «; ' extends the range of interaction and enhances the

strength of repulsion.

ﬂzaszat. Therefore, for a sToPP with the above covariance function, the intensity should be at

most Pmax = nzaf(xt/z.
For this process the pair correlation function is simply given by

g(r,s)=1—exp (—471,/01?52 + a52r2> , r>0,s>0. (21)

since Co(u,t) = p exp(—2m,/a?t? + a2|ul|?) implies g =1— |Cy|?/p? for a stationary
stopp with kernel Cy. Employing the general definition of the space-time K-function (4),
the K-function corresponding to the covariance model (20) and the pair correlation function
(21) is obtained as

r prs
K(r,s):Zn//g(u,t)udtdu (22)
0Jo

r N
_ _ _ 242 2,2
_Zn/()/o [1 exp( — 4m/aft +asu)]udtdu

r S
2 2
=7rrs—27t// exp( — 4 /aft? + o2u?) udt du.
o Jo P( t s )

The second term in (22) does not have a closed-form expression in elementary functions;
in practice, it can be evaluated numerically. However, it can be expressed in terms of an
incomplete modified Bessel function of the second kind, denoted by J1, following Jones (2007):

2w [T
K(r,s) = wr’s — — / ug (4na5u, amfa2u? + at252> du, (23)
oy Jo
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Figure 4. Theoretical covariance (top row) and pair correlation (bottom row) functions for the non separa-
ble Matérnstdpp model. Each column corresponds to a different combination of the parameters (e, ozf1 )
selected according to the existence condition assuming pmax = 90. This illustrates how increasing o; ' and
ar_1 broadens the effective interaction range and intensifies the repulsive behavior.

where

U
jl(ﬂ’)—/\/?azz

_Z( 27" 2”: s1nh (1+n—2m)t)

¢ mi(n —m)!(1+n— 2m)’

The incomplete Bessel representation in (23) provides a convenient form for numerical
evaluation of the K-function.

Figure 4 shows the theoretical non separable Matérn covariance (20) (top row) and the
corresponding pair correlation (21) (bottom row) functions for the same values of (o, 1 o D)
used in the separable case. Relative to the separable Matérn model, the covariance surfaces
exhibit sharper gradients, and the regions of repulsion in the pair correlation function
are more compact for a given set of range parameters, reflecting the faster joint decay of
dependence in the non separable case. Because spatial and temporal components interact

through the combined metric \/a?t? + a2||u|2, changes in the temporal range affect spatial

dependence and vice versa, producing a more localized and directionally varying pattern of
inhibition. Figure 5 further highlights these contrasts under a set of larger range parameters
(a7, a; 1), chosen to make the differences between the two structures more visually apparent.

In comparison of all three models, the Gaussian-Exponential model is suited to settings
with smooth, mild inhibition (see Figure 2 and left panels in Figure 6); the separable Matérn
model accommodates stronger, independently structured spatial and temporal inhibition
(see Figure 3 and middle panels in Figure 6); and the non separable Matérn model is most
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Figure 5. Pair correlation function for the separable (top row) and non separable (bottom row)
Matérnstdpp models. Each column corresponds to a different combination of the parameters (; ', ;")
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Figure 6. Top row: lllustrative realizations of stdpps with constant intensity p =90, generated from
three covariance models: Gaussian—exponential (left panels), separable Matérn (middle panels), and non
separable Matérn (right panels). The simulations were performed on [0, 112 x [0, 1] using parameter values
(a5, 1) = (0.12,0.12) for model (i), and (a;‘,aﬂ) = (0.12,0.12) for models (ii) and (iii). Bottom row:
Estimated space-time pair correlation functions for the same models, averaged over 100 independent
simulations.
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Table 2. Summary of the Gaussian-exponential (first row), separable Matérn (second row), and non-
separable Matérn (third row) spatio-temporal covariance models, along with their corresponding pair
correlation functions, K-functions, and maximum admissible intensities pmax-

Co(u, t) g(u,t) Ku,t)  pmax

2
poa? exp ( -l (‘T’r‘) Eq. (10) Eq. (13)

2 2 -1
1—exp ( _ 2”0(le _ &g)l Eq.(12) Qragat)

3 o
Eq.(18)  m2alar/4

1— Qralt] + 1) exp(—4mar|t]) x

yrl(dadad) ! Qualt +1) x [@raslulics @ras ||u||>]2, Eq.(17)
exp(—2mar|t]) Qmasul) x
K1 (2eas|ul), Eq. (16)
Eq.(22)  malat/2

12
1—exp (—4n(at2|t|2 +0552||UH2) >:

2 3)—1
Eq. (21)

yﬂz(Zasat
2002 0 252} /2
exp on(atm +a? ||u|\) ,Eq. (20)

X

appropriate when the data exhibit pronounced inhibition and essential space-time interaction
(see Figure 4 and right panels in Figure 6).

Table 2 provides an overview of the spatio-temporal covariance models together with their
corresponding first- and second-order characteristics discussed in Sections 3.2 and 3.3. Figure
7 illustrates the feasible parameter regions for the Gaussian-Exponential model (left), the
separable Matérn model (middle), and the non separable Matérn model (right), derived from
the respective existence conditions under a maximum intensity of p = 90. In each panel, the
light green region denotes admissible parameter combinations, while the light red region
indicates infeasible ones.

4, Simulation study for comparing covariance structures in stdpps

This section presents a simulation study designed to illustrate how alternative covariance
structures shape the behavior of the proposed sTpPP models. The aim is not to investigate
first-order properties or to undertake parameter estimation, but rather to visualize and
interpret how different kernel formulations—particularly the contrast between separable and
non separable forms-influence the resulting space-time patterns and the strength of repulsion
among events.

4.1. Simulation framework

We consider stationary and isotropic sTDPPs defined on the unit space-time window W x
T =[0,1]* x [0, 1] with constant intensity p = 90. Realizations are generated using an exten-
sion of the simulation algorithm of Lavancier et al. (2015), adapted to the spatio-temporal
setting. This framework allows efficient generation of realizations with a prescribed kernel
C((u1, t1), (U2, 12)). To simulate from an inhomogeneous stppp, we follow the standard
thinning strategy: a stationary process is generated at the maximal admissible intensity pmax
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Figure 7. Feasible parameter regions for the Gaussian-Exponential stdpp model (left), the separable Matérn
stdpp model (middle), and the non separable Matérn stdpp model (right) under a maximum intensity of
0 = 90. In each plot, the light green area displays the feasible parameter region, whereas the light red area
shows infeasible parameter combinations.

and is then thinned independently with probability p(u,t) = %, where p(u,t) denotes
the desired intensity function. As shown in Lavancier et al. (2015), the resulting thinned
process remains a sTDPP. For details on simulating inhomogeneous sTDpPs, see Appendix
A in Ghorbani et al. (2025). In this study, we focus solely on the stationary case for clarity. All
simulations were implemented in R, using routines adapted from the spatstat and stpp
packages.

The simulation study examines three covariance models introduced in Section 3: (i) the
separable Gaussian-exponential model, (ii) the separable Matérn model, and (iii) the non
separable Matérn model. The admissible parameter regions for these models were derived in
Sections 3.2 and 3.3 and are visualized in Figure 7. For illustrative purposes, and to enable
direct comparison with the theoretical results in Section 3, we use the parameter values
(a5, 0¢) = (0.12,0.12) for the Gaussian—-exponential model, and (as’l,ozfl) = (0.12,0.12) for
both the separable and non separable Matérn models. Recall that for the Matérn models the
parameters (o; !, o 1) represent the spatial and temporal range parameters, so larger values
correspond to slower decay of dependence in space and time.

4.2. Typical realizations and estimated pair correlation functions structure

Figure 6 shows representative realizations and estimated space-time pair correlation func-
tions g(u, t) averaged over 100 independent simulations. To estimate the space-time pair
correlation function the function PCFhat in the R package stpp (Gabriel et al., 2024) has
been used. The Gaussian-exponential sTopPP model (left panels) yields smooth, moderately
long-range repulsion with a separable structure in space and time. The separable Matérn
sTDPP model (middle panels) exhibits short-range inhibition with rapid and independent
decays in its spatial and temporal components, consistent with the fast-decaying Matérn
correlations in each dimension. The non separable Matérn sTppp model (Right panel)
generates strong, localized around origin joint inhibition: events close in space tend to be
separated in time, and vice versa. In other words, the separable Matérn exhibits independent
spatial and temporal repulsion, producing evenly distributed points across layers, while the
non separable model shows coupled space-time regularity, where nearby times correspond to
stronger spatial repulsion. These differences reflect the theoretical behavior of the covariance
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and pair correlation functions in Section 3, confirming that the covariance structure directly
governs the spatial, temporal, and joint scales of repulsion.

Further, the estimated pair correlation functions satisfy g(u, t) < 1, reflecting the intrin-
sic regularity of determinantal processes. Small discrepancies between the theoretical pair
correlation functions (Figures 3 and 4) and their empirical estimates (Figure 6) arise
from bandwidth selection, edge effects, and the well-known bias of kernel-based estima-
tors at small space-time lags. Overall, the theoretical and empirical K-functions show

close agreement (Figure 8), with K— Kpoisson negative for most (u,t), consistent with
regularity.

Overall, the simulation study demonstrates that the sTppp framework can reproduce
a wide range of repulsive space-time patterns. Separable models offer interpretable and
independently controlled spatial and temporal ranges, whereas non separable models provide
stronger, jointly structured inhibition. These findings not only reinforce the theoretical devel-
opments presented in Section 3 but also provide practical guidance for selecting appropriate
covariance models in applied settings.

5. Discussion and conclusion

In this work, we developed a general covariance-based framework for constructing spatio-
temporal determinantal point processes (sTDPPs) that flexibly model repulsive interactions
across space and time. By extending classical spatial ppp theory to the spatio-temporal
domain through valid covariance and spectral structures, we provided a unified treatment
of separable and non separable sTpPP models and derived closed-form expressions for key
second-order characteristics, including the spatio-temporal pair correlation function and K-
function. These results establish a principled foundation for modelling regularity in dynamic
space-time phenomena.

The simulation study illustrates the practical implications of the theoretical developments,
highlighting the distinct behaviors induced by different covariance structures. The Gaussian-
exponential sTpPp produces smooth, long-range inhibition with separable spatial and
temporal dimensions. The separable Matérn stppp allows independent control of spatial
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and temporal range parameters, yielding short-range inhibition that decays fast in each
dimension. In contrast, the non separable Matérn sTpPP induces stronger and more localized
repulsion, reflecting its joint dependence on a combined space-time distance metric. The
resulting realizations exhibit stronger and more localized repulsion, consistent with the faster
decay of the non separable covariance. These qualitative differences demonstrate how the
choice of covariance structure shapes the underlying dependence and underscores the impor-
tance of domain knowledge and exploratory analysis when selecting a model in practical
application.

Statistical inference for sTDPPs can build on the rapidly developing toolbox available for
spatial ppps. Likelihood-based and minimum-contrast approaches (Lavancier et al. 2015)
extend naturally to the spatio-temporal setting, and composite likelihood methods (Lavancier
et al. 2021) provide a scalable alternative for larger datasets. Model assessment can be
performed using global envelope tests (Myllymaki et al. 2017). Nonetheless, several challenges
remain. Kernel estimators of the spatio-temporal pair correlation function require joint
bandwidth selection in space and time, and edge correction becomes more intricate in
a cylindrical space-time window. These issues are evident in the simulation study: while
theoretical and empirical K-functions generally agree (see Figure 8), the pair correlation
estimator is sensitive to bandwidth choices at small lags. Establishing principled, data-
adaptive smoothing strategies for space-time summary statistics is therefore an important
topic for future work.

In comparison with other spatio-temporal point process models (Table 1), STDPPs occupy
a unique position. Gibbs and Markov models accommodate repulsion but suffer from
intractable normalizing constants and computationally intensive inference. Log-Gaussian
Cox processes offer great flexibility and capture clustering, but cannot represent repulsion.
sTDPPS combine repulsiveness, model interpretability, and computational tractability through
closed-form spectral and covariance representations and an exact thinning-based simulation
algorithm. This makes sTDPPs a compelling option for applications where regular, well-
dispersed patterns arise, such as ecological dynamics, epidemiology, forestry, and environ-
mental monitoring.

The proposed framework also has limitations that point to several avenues for further
research. First, we focused on stationary and isotropic structures; extending STDPPs to non
stationary or anisotropic domains would allow modelling of spatial heterogeneity, temporal
trends, and directional effects. Second, computational scalability remains an important con-
sideration: eigenvalue decompositions of large space-time kernels are expensive, and future
work could leverage low-rank spectral approximations (Affandi et al. 2013; Affandi et al.
2014), sparse kernels, or inducing-point strategies. Third, comprehensive inferential tools—
including parameter estimation, model selection, uncertainty quantification, and diagnostic
tests—require additional development, especially for non separable structures with strong
space-time interaction.

Overall, the covariance-based sTppp framework introduced here provides a flexible,
interpretable, and computationally tractable foundation for modelling repulsive phenomena
evolving across space and time. By linking covariance structure, spectral properties, and
second-order characteristics, this work lays the groundwork for applying sTDPPs to diverse
scientific domains such as epidemiology, ecology, forestry, and environmental sciences, where
understanding repulsiveness in space-time patterns is essential.
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