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Abstract
We present an innovative statistical test designed to assess the first-order separability
of a spatio-temporal point process. Our proposed test employs block permutations
and a novel test statistic that incorporates a machine learning technique known as the
Hilbert–Schmidt independence criterion. To enhance the practicality of the criterion,
we apply the kernel trick. The block permutations are designed tomaintain the second-
order structure of the point pattern, disrupting it only at the block borders. This design
enables the application of our test to a general spatio-temporal point process, which
may exhibit small-scale clustering or regularity. We investigated the empirical level
of the block permutation-based tests with the new and two previously proposed test
statistics for clustered and regular point processes, represented in our study by log
Gaussian Cox processes and determinantal point processes. By comparing our results
with those obtained from a previously proposed permutation-based test, we confirmed
the effectiveness of our method in terms of significance level, power, and notably
computational cost. We applied the test to real-world datasets, namely the UK’s 2001
foot-and-mouth disease epidemic and varicella data from Valencia.
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1 Introduction

Consider a spatio-temporal point process (stpp) X with non-overlapping points as a
random countable subset ofR

2×R, where each point of X represents the location and
time of occurrence of a particular event of interest. In the analysis of spatio-temporal
point patterns, the crucial initial step is to model or estimate the intensity function.
However,modeling the joint distribution of spatial locations and times in such a process
poses challenges in practical applications (Gonzalez et al. 2019; Fuentes-Santos et al.
2018). To overcome these challenges, it is often a beneficial assumption that the
point process has a separable spatio-temporal intensity function (Gabriel and Diggle
2009; Møller and Ghorbani 2012). To deduce if one can work under this simplifying
assumption, the primary objective of our work is to test the null hypothesis of first-
order separability, hereafter referred to as the separability hypothesis, for a given point
pattern.

In the context of spatio-temporal marked point processes, some test statistics uti-
lizing the conditional intensity function have been proposed to assess the separability
of marks and the spatio-temporal process, as highlighted by Schoenberg (2004),
Assunção and Maia (2007) and Diaz-Avaloset al. (2013). It is worth noting that,
unlike these papers, our study focuses on the overall intensity function rather than the
conditional intensity and tests its separability in space and time. Recently, several tests
have been developed for assessing the separability of the intensity function. However,
among the available tests in the literature, tests based on the pure permutation approach
(Fuentes-Santos et al. 2018; Gonzalez et al. 2019; Ghorbani et al. 2021) work well for
Poisson processes only; for non-Poisson processes, the permutation strategy destroys
the interaction structure of the observed pattern, making the approach invalid. The
same limitation applies to the computationally cheap χ2-test (Ghorbani et al. 2021).
Furthermore, the random reconstruction method proposed by Ghorbani et al. (2021)
for non-Poisson processes is computationally very expensive.

To address these limitations, we develop a novel test of separability based on the
Hilbert–Schmidt independence criterion (hsic) and block permutation, and evaluate
its performance in addition to the Poisson case, for regular and clustered point process
models, in particular for spatio-temporal log Gaussian Cox Processes (LGCPs) and for
spatio-temporal determinantal point processes (stdpps) (for further insights on stdpps,
refer to the details provided in Vafaei et al. (2023)). The idea of the block permutation
strategy, which is used to obtain simulations under the separability hypothesis here, is
that it approximatelymaintains the interaction structure of the point pattern, disrupting
it only at the boundaries of the blocks. The other component of the proposed test,
namely the test statistic based on the hsic, is adapted frommachine learning literature,
where it is used for independence testing (Gretton et al. 2005, 2007; Pfister et al.
2017). The hsic is based on embedding the distributions derived from the first-order
intensity function into the reproducing kernel Hilbert space (rkhs) (Muandet et al.
2017), with the hope that hidden, underlying structures would be better revealed in the
reproduced space.While hsic has primarily been studied in the context of independent
and identically distributed (i.i.d.) observations, it has later been developed to test
independence of two random processes (Chwialkowski and Gretton 2014), non-i.i.d
data (Zhang et al. 2008), and multivariate time series data (Liu et al. 2023). It has also
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been applied to quantify spatial dependence in linguistic variables for dialectal analysis
(Nguyen and Eisenstein 2017). Similar to its performance with i.i.d. data, HSIC has
demonstrated promising results in non-i.i.d. scenarios. However, to our knowledge,
the use of such kernel tricks is not common in the context of point processes and the
only reference is Rustamov and Klosowski (2020), where they used an approximated
maximum mean discrepancy to detect differences in the first-order structure of the
spatial point patterns of larynx and lung cancer occurrences in Chorley–Ribble area
of Lancashire, England.

The rest of the paper is structured as follows. In Sect. 2, we define the null hypothesis
of first-order separability and provide background material on rkhs embedding and
hsic. Section3 introduces the d-variable hsic (dhsic) method for testing first-order
separability, including the test statistic and the testing procedure based on the block
permutation algorithm. We also describe how the calculated statistic can be used for
data analysis and simulations. Section4 is devoted to three separate simulation stud-
ies covering regular, clustered and Poisson processes. The first study investigates the
performance of the proposed test for inhomogeneous stdpps within the scope of the
regular point process class. The second study is focused on LGCPs, which are catego-
rized as cluster processes, and the third study on inhomogeneous Poisson processes.
We compared the new proposed test to the permutation-based tests of Ghorbani et al.
(2021). In Sect. 5, we apply the test to real-world datasets. Specifically, we analyzed
the UK’s 2001 foot-and-mouth disease data in Cumbria (Keeling et al. 2001; Diggle
2006, 2013; Ghorbani 2013; Møller and Ghorbani 2012) and the cases of varicella-
zoster virus registered in Valencia, Spain in 2013 (Iftimi et al. 2015). Finally, Sect. 7
concludes the paper with a brief discussion. Additionally, two appendices are included
to provide details related to the simulation study, namely simulation of the stdpps and
choice of parameters for the stdpps of the simulation study.

2 Assumptions and background

In this section, we provide the necessary background for testing the first-order separa-
bility of a stpp (Sect. 2.1) and give a brief overview of the reproducing kernel Hilbert
space (rkhs) embedding used in the Hilbert–Schmidt independence criterion (hsic)
(Sects. 2.2 and 2.3).

2.1 First-order separability

Consider a spatio-temporal point process X as a random countable subset of
R
2 × R with intensity function ρ(u, t), (u, t) ∈ R

2 × R and suppose x =
{(u1, t1), . . . , (un, tn)} is a realization of X . Formally, the intensity function ρ is
a nonnegative function from R

2 × R → [0,∞) that is locally integrable, i.e.,∫
B ρ(u, t)dudt < ∞ for all bounded Borel sets B of R

2 × R and for any point
(u, t). In intuitive terms, ρ(u, t)d(u, t) is the probability that X has a point in an
infinitesimally small region around (u, t) of volume d(u, t). We say that the intensity
function is separable and denote it by ρsep(u, t) if it can be written in the multiplicative
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form

ρsep(u, t) = ρ1(u)ρ2(t), (u, t) ∈ R
2 × R,

where ρ1 and ρ2 are nonnegative measurable functions. First-order separability is
commonly considered as a convenient working assumption (Gabriel and Diggle 2009;
Møller and Ghorbani 2012; Møller et al. 2021). This is because, within the framework
of separability, inferences about the spatio-temporal model can usually be based on the
characteristics of lower-dimensional spatial and temporal marginal processes, which
are more manageable. However, it is important to acknowledge that the assumption of
separability in the intensity function may not always hold true. A test of separability
would then be helpful in suggesting suitable explanatory variables for the variations in
the intensity. Namely, under separability, spatial and temporal covariates may suffice,
whereas otherwise one should also consider spatio-temporal covariates. Therefore, the
test for separability can assist in determining the appropriate form of either parametric
(Baddeley et al. 2015) or nonparametric intensity functions (Guan 2008; Borrajo et al.
2020).

To investigate the validity of this separability assumption, we recall the concepts of
rkhs embedding in Sect. 2.2, a key component of the Hilbert–Schmidt independence
criterion in Sect. 2.3. We explore how these concepts can be adapted and employed to
evaluate the separability hypothesis in the context of spatio-temporal point processes
(see Sect. 3).

2.2 Reproducing kernel Hilbert space embedding

Given a set �, a positive definite kernel k on � is defined as a symmetric function
k : � × � → R that satisfies positive semidefiniteness, expressed by the condition∑

i, j=1 ci c j k(xi , x j ) ≥ 0 for any arbitrary set of points x1, . . . , xn in � and real
numbers c1, . . . , cn . The bivariate kernel k is known as a Mercer kernel, and the
resulting matrix {k(xi , x j )}i, j=1 is commonly referred to as the Grammatrix, denoted
by G. It is a well-known fact (Aronszajn 1950) that a positive definite kernel k on �

uniquely defines a Hilbert space Hk comprising functions defined on �. The space
Hk possesses these key properties: i) k(·, x) ∈ Hk for any x ∈ �; ii) the set of all
linear combinations of the kernels in�, i.e., Span{k(·, x); x ∈ �}, is dense inHk ; and
iii) 〈 f , k(·, x)〉 = f (x) for any x ∈ � and f ∈ Hk (the reproducing property), where
〈·, ·〉 denotes the inner product in Hk (Ghojogh et al. 2023). The Hilbert space Hk is
commonly referred to as an rkhs associated with the kernel k.

In kernel methods, the space � represents the domain where data resides, and a
positive definite kernel k is specifically tailored for �. The corresponding rkhs Hk

is served as a feature space, and a nonlinear mapping, often referred to as a feature
mapping, is defined to map the data space � into the feature spaceHk . This mapping,
denoted as ψ : � → Hk , assigns each data point x to the function k(·, x). In this
context, k(·, x) ∈ Hk should be understood as a function of the first argument, with
x held fixed. In short, the general idea of the kernel method is to transform real data
x ∈ � into a function in rkhsHk where a similarity measure is employed instead of a
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traditional distancemetric. This functional representation of data enables the extraction
of various nonlinear features inherent within the data. When the entire dataset is
mapped in thisway, it is anticipated that latent structures in thedatasetwhichmaynot be
readily apparent in the original space �, will become more evident with the help of an
appropriate featuremapψ inHk . Themappingψ : � → Hk , given byψ(x) = k(·, x),
is known as the canonical featuremap of k, i.e., k(x, x ′) = 〈ψ(x), ψ(x ′)〉 (Berlinet and
Thomas-Agnan 2004). This extension of the inner product between two feature maps
to a kernel function is often referred to as the kernel trick, as it elegantly eliminates
the need for explicitly defining the feature maps and provides one of the essential
elements in kernel methods. More generally, given two linear combinations of the
feature vectors, say f = ∑n

i=1 αiψ(xi ) and g = ∑n
j=1 β jψ(x j ), the inner product

between f and g is given by 〈 f , g〉 = αT Gxβ, where αi s and βi s are nonzero real
numbers, αT = (α1, . . . , αn), βT = (β1, . . . , βn), and Gx is the Gram matrix of the
feature vectors.

Consider a measurable space denoted by (X ,BX ). Let X be a random variable tak-
ing values inX with a distribution P . We assume that the expected value of

√
k(X , X)

is finite, i.e., EP (
√

k(X , X)) < ∞, where the expectation is taken with respect to P .
The kernel mean embedding (KME) of the distribution P into the Hilbert spaceHk is
a mapping μP (·) : X → Hk defined by

μP (·) =
∫

X
k(·, x)dP(x) = EP [k(·, X)] (1)

, and its existence is guaranteedby the assumptionEP (‖k(·, X)‖) = EP (
√

k(X , X)) <

∞ (see Lemma 3.1 inMuandet et al. (2017)). For more details on kernel mean embed-
ding, see Schneider et al. (2016).Given a sample {xi }n

i=1 from X , themoment estimator
of μP is given by μ̂P (·) = 1

n

∑n
i=1 k(·, xi ).

An important property of this embedding is that if k is a characteristic kernel (i.e.,
the mean embedding μP captures all the information of the distribution P), then the
embedding is injective (Fukumizu et al. 2007; Muandet et al. 2017). In other words,
for two probability distributions P and Q over X , μP = μQ if and only if P = Q,
which implies that P and Q are identical. This property is particularly useful in the
context of two-sample hypothesis testing, as the problem of testing whether P = Q
can be reduced to testing whether μP = μQ , albeit in infinite-dimensional space
Hk . To further illustrate this for readers unfamiliar with the kernel trick, note that
the characteristic function of the probability distribution P can be seen as a special
case of the kernel mean embedding μP , where k(u, X) = exp(iu X), with i denoting
the imaginary unit. With this choice of k and using the one-to-one correspondence
between cumulative distribution functions and characteristic functions (Ahsanullah
2017), testing whether two distributions P and Q are equal becomes equivalent to
testing whether μP = μQ .
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2.3 Hilbert–Schmidt Independence Criterion

Let (�,F , P) be a probability space, and let X : � → X and Y : � → Y be
two random variables with distributions P and Q, respectively. In essence, the HSIC
is a nonparametric test used to determine whether the random variables X and Y are
independent, givenobserved realizations {xi }n

i=1 for X and {yi }n
i=1 forY . Tobe explicit,

we observe pairs (xi , yi ), where each xi is a realization of the random variable X and
each yi is a realization of the random variable Y . Therefore, the dataset consists of n
such pairs {(xi , yi )}n

i=1, where each pair represents an instance of the joint realization
of (X , Y ). Recall that two randomvariables X andY are independent if and only if their
joint distribution is identical to the product of their respective marginal distributions.
It is worth noting that the same notation X is used for a stpp as well as for a random
variable; however, it will always be clear from the context which X is being referred
to. The concept behind hsic involves embedding both the joint distribution and the
corresponding product form of the marginal distributions into a suitable rkhs, and
subsequently assessing whether these embedded elements are equivalent.

Further, let k : X × X → R, l : Y × Y → R be two continuous, bounded, and
positive semidefinite kernels, and denote by Hk and Hl their corresponding rkhss.
Furthermore, suppose μ : X × Y → Hk ⊗ Hl is the mean embedding function for
the joint distribution associated with the characteristic kernel k ⊗ l, where ⊗ denotes
tensor product. Following Pfister et al. (2017) and considering the above assumptions,
the distance dhsic is defined as follows:

Definition 1 Consider an rkhs Hk of functions X → R with kernel k, and an rkhs
Hl of functions Y → R with kernel l. The statistical functional

dhsic(P(X , Y )) = ‖μP(X ,Y ) − μP(X)⊗P(Y )‖2Hk⊗Hl
(2)

is called the d-variable (here d = 2) Hilbert–Schmidt independence criterion (dhsic),
where P(X , Y ) is the joint distribution of (X , Y ), and P(X) and P(Y ) are marginal
distributions of X and Y .

Essentially, the dhsic measures the squared distance between the joint distribution
and the product of the marginals after embedding in rkhss, providing a measure of
the dissimilarity between the joint distribution and the product of the marginals in the
rkhs framework. The dhsic criterion can be readily extended to any dimension d; for
further details, refer to Pfister et al. (2017). If both kernels k and l are characteristic,
then under the null hypothesis of independence, dhsic(P(X , Y )) = 0.

Note that while positive semidefinite kernels can be integrated into the dhsic frame-
work for i.i.d. data, the literature suggests that characteristic kernels are preferable for
use with non-i.i.d. data, e.g., point patterns considered in this paper, see, e.g., Liu and
Ruan (2024,Pages2-3) and Chwialkowski and Gretton (2014, Lemma1). This recom-
mendation arises from the fact that characteristic kernels can capture all modes of
dependence between random variables X and Y . Although non-characteristic kernels
can also be employed within the dhsic framework, they may fail to detect certain
forms of dependence. Notably, it is possible for dhsic(P(X , Y )) = 0 even when X
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and Y are not independent. In contrast, for characteristic kernels,dhsic(P(X , Y )) = 0
if and only if X and Y are independent.

To obtain an estimator of dhsic, it is helpful to express it in terms of the individual
kernels k and l. Based on the individual kernels, and following Gretton et al. (2007),
the dhsic is given by

dhsic(P(X , Y )) = EX X ′Y Y ′
[
k(X , X ′)l(Y , Y ′)

] + EX X ′
[
k(X , X ′)

]
EY Y ′

[
l(Y , Y ′)

]

− 2EXY

[
EX ′

[
k(X , X ′)

]
EY ′

[
l(Y , Y ′)

] ]
,

(3)

where EX X ′Y Y ′ represents the expectation with respect to pairs (X , Y ) and (X ′, Y ′)
drawn from the joint distribution P(X , Y ). Similarly, EX X ′ denotes the expectation
taken over copies of X and X ′ drawn from P(X), while EXY signifies the expectation
with respect to the pair (X , Y ) drawn from the joint distribution P(X , Y ).

According to Pfister et al. (2017) and Gretton et al. (2007), an estimator of (3) is
given by

d̂hsic(P(X , Y )) = 1

n2

n∑

i=1

n∑

j=1

k(xi , x j )l(yi , y j )

+ 1

n2

n∑

i=1

n∑

j=1

k(xi , x j )
1

n2

n∑

i=1

n∑

j=1

l(yi , y j )

− 2

n

n∑

i=1

⎡

⎣1

n

n∑

j=1

k(xi , x j )
1

n

n∑

j=1

l(yi , y j )

⎤

⎦ , (4)

which can be easily evaluated after specifying kernels k and l, and observing realiza-
tions {xi }n

i=1 and {yi }n
i=1.

3 Test of the first-order separability using Hilbert–Schmidt
independence criterion

Let x = {(u1, t1), . . . , (un, tn)} represent a realization of a space-time point process X .
We denote the spatial component process of X by Xspace and the temporal component
process by X time. The spatial component process consists of all spatial locations with
times t in the temporal domain T ⊂ R, i.e., Xspace = {u : (u, t) ∈ X , t ∈ T }, while
the temporal component process contains all time points associated with locations u
in the spatial window W ⊂ R

2, i.e., X time = {t : (u, t) ∈ X , u ∈ W }.
To align with the general framework (see Sects. 2.2 and 2.3), we treat Xspace as

equivalent to X , and X time as equivalent to Y . To test the separability of the intensity
function of a stpp X ,we define the space-timeprobability density function (normalized
intensity function) of the events for both the general (non-separable) and separable
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cases, respectively, as

P(u, t) = ρ(u, t)
∫

W

∫
T ρ(u, t)dudt

and

Psep(u, t) = ρsep(u, t)
∫

W

∫
T ρsep(u, t)dudt

= ρ1(u)ρ2(t)∫
W ρ1(u)du

∫
T ρ2(t)dt

= Ps(u)Pt (t), (5)

where Ps(u) and Pt (t) are the probability density functions in space and time, respec-
tively (Baddeley et al. (2015), Page 197). The test of the null hypothesis

H0 : ρ(u, t) = ρsep(u, t)

is now equivalent to the test of equality of the induced distributions, i.e., P(u, t) =
Ps(u)Pt (t). In other words, the test of the separability hypothesis for a stpp X reduces
to testing the independence of the induced marginal probability distributions in space
and time, see (5). If the intensity function is separable and the kernel k(·, (u, t)) is
multiplicative, i.e., k(·, (u, t)) = ks(·, u) × kt (·, t), then the corresponding kernel
mean embedding is also separable. Namely, using (1), we have

μPsep =
∫

W×T
k(·, (u, t))dPsep(u, t)

=
∫

W
ks(·, u)dPs(u) ×

∫

T
kt (·, t)dPt (t) = μPs × μPt .

Therefore, based on the dhsic criterion in Definition 1, we introduce the statistical
functional of separability for a stpp as

dhsic(P(Xspace, X time)) = ‖μP − μPsep‖2Hk⊗Hl
. (6)

Having observed a realization x = {(u1, t1), . . . , (un, tn)} of a spatio-temporal point
process (stpp) X , the estimation of dhsic in (6) is carried out using the equation
(4), which provides the estimate in terms of kernels. We use this estimate as our test
statistic and call it dhsic test.

There are various kernel functions commonly used in machine learning, such as
linear, Gaussian, Laplacian, sigmoid, polynomial, cosine, and chi-squared kernels. In
this study, we employed the characteristic Gaussian kernel

k(x, y) = exp

(

−‖x − y‖22
2σ 2

)

, x, y ∈ R
n (7)
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where ‖ · ‖2 represents the 	2 norm, and σ 2 is the bandwidth parameter. The median
heuristic approach, as described in Pfister et al. (2017), is used to select the bandwidth
σ . This approach requires that the median of {‖xi − x j‖2 : i < j} equals 2σ 2. Pfister
et al. (2017) claim that this heuristic approach performs quite well in many practical
applications. Formore details, see Pfister et al. (2017, Section 4.4). Thus, we employed
the Gaussian kernel with the selected bandwidth σ for kernels k and l in (4) to estimate
(6).

3.1 Test procedure

Since the distribution of the dhsic test statistic is unknown, we employ simulation-
based inference, a common approach in spatial and spatio-temporal statistics. One
well-established method is the permutation test (Diggle 2013; Ghorbani et al. 2021).
A remarkable advantage of the permutation test is that it does not require any distri-
butional assumptions or any kind of model specification for the separability structure.
The permutation test relies on the principle that, under the null hypothesis, the shuffled
datasets should display a similar pattern to the observed data; otherwise, they would
deviate from it. This notion is rooted in the concept of permutation invariance, where
the joint distribution of the permuted data for each permutation is expected to be iden-
tical to the joint distribution of the observed data. However, in the case of non-Poisson
patterns, simply randomly shuffling the data, i.e., random permutations of ti holding
ui fixed, can disrupt the underlying interaction structure of the patterns. Consequently,
the standard permutation test is inappropriate. To overcome this limitation, we rely on
block permutations in our separability test described in Algorithm 3.1.

To generate approximate simulations under the null hypothesis, we employ the
block permutation method. Here, the data is split to J blocks, which are randomly
permuted. The idea is that this approachmaintains the interaction structure within each
block and breaks it only at the boundaries. Thus, the method is expected to approx-
imately simulate data that aligns with the null hypothesis. Specifically, we partition
the time interval T into J disjoint sub-intervals T1, · · · , TJ (with approximately equal
number of points), which splits the observed point pattern into J segments residing in
W × T1, . . . , W × TJ . To achieve equal number of points within each sub-interval, we
use the empirical quantiles of the observed times ti , i = 1, . . . , n. The time blocks are
then permuted while maintaining structure within each block as in the original data,
and holding the locations xi fixed. The block permutation scheme is illustrated with
an example in the Supplementary materials S1.

In our simulation study and real-world applications, we utilize the block permu-
tation approach in conjunction with the test statistic (6) to test the null hypothesis of
separability. Additionally, we employ it alongside the S- and χ2-test statistics (see
equations (8) and (9) in Sect. 4 and Ghorbani et al. (2021)). For each of these test
statistics, large values are considered significant. Thus, in the Monte Carlo test, the
observed and simulated statistics are ranked so that the largest statistic obtains rank
1. If the rank of the observed test statistic is among the most extreme statistics, there
is evidence against the null hypothesis. This extremeness is conveyed in the Monte
Carlo p value (see Algorithm 3.1).
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The minimal p value based on J ! permutations (including the identity permuta-
tion for the data) is 1/(J !). Therefore, for J = 3, it is only possible to reach a p
value 1/(J !) ≈ 0.17, and for J = 4, 5, 6, the smallest possible p values are approx-
imately 0.042, 0.008, 0.001, respectively. As α(J !) should be chosen as an integer
(e.g., Barnard (1963)), for J = 3 and J = 4 one can use the significance levels of
0.17 and 0.042, respectively. In this paper, we mainly used J = 5, 6, 7, considering
all J ! permutations and a significance level of 0.05. We note that for sufficiently large
J , one can work with a smaller number of block permutations than J !, i.e., not going
through all the possible permutations but taking a sample from them. To preserve the
interaction structure of the given point pattern, the size of the blocks should not be too
small in comparison with the range of interaction.

Algorithm 1 The separability test based on block permutations
1: Partition the time interval T into disjoint sub-intervals T1, · · · , TJ .
2: Permute Tj s, j = 1, . . . , J , with J ! possible ways.
3: Calculate the chosen test statistic for the observed pattern (the identity permutation).
4: For each permutation i = 1 to i = J ! − 1
5: Assign the blockwise permuted times to the points whose locations are kept fixed.
6: Calculate the chosen test statistic for the permuted pattern.
7: Calculate the rank robs of the observed test statistic among the simulated statistics.
8: Obtain the Monte Carlo p value by robs/J !.

4 Simulation study

We investigated the performance of the dhsic separability test based on the estimator
of the statistical functional (6) and Algorithm 3.1 (block permutations) for stdpps
studied in Vafaei et al. (2023) (see Sect. 4.2), for LGCPs with the study setup adapted
from Ghorbani et al. (2021) (see Sect. 4.3), as well as for spatio-temporal Poisson
point processes (Sect. 4.4). The stdpps serve as an example of regular spatio-temporal
point processes, while the LGCPs are examples of clustered processes. We tested
all hypotheses both with the block permutations with different numbers of blocks as
well as with the pure permutations. This was done for completeness and having pure
permutations as a reference strategy, even though the pure permutation-based methods
were shown to fail for non-Poisson processes in Ghorbani et al. (2021). Regarding the
Poisson processes, we tested both permutation strategies to understand how much
of power may be lost with using the block permutation strategy instead of the pure
permutations. We compared the new dhsic statistic to the S- and χ2-statistics from
the literature, as well as different bandwidth selection rules as described in Sect. 4.1.

The significance level of each test was set to 0.05. A thousand (1000) simulations
were generated from each considered stdpp, LGCP, and Poisson model. The block
permutation-based tests used J ! permutations for J < 7 and 1999 block permutations
for J ≥ 7 (Sect. 4.2.3 only). The number of pure permutations was 1999 in all cases.
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4.1 Test statistics

We compared our new dhsic test statistic to the two test statistics suggested by Ghor-
bani et al. (2021), namely the S- and χ2-statistics. The S-statistic is defined as

S(u, t) = ρ̂(u, t)

ρ̂1(u)ρ̂2(t)
= ρ̂(u, t)

ρ̂space(u)ρ̂time(t)/n
, (u, t) ∈ W × T , (8)

where ρ̂(u, t) > 0 is the spatio-temporal intensity estimate, and ρ̂space(u) > 0 and
ρ̂time(t) > 0 are the intensity estimates for the corresponding spatial and temporal
components, respectively. Following Ghorbani et al. (2021), the spatial bandwidths
for estimating the intensities—whether spatio-temporal or spatial—in the test statistic
(8) were determined using the bw.diggle() function from the R package spatstat
(Baddeley et al. 2015). The aimwas to minimize the mean-square error criterion (Dig-
gle 1985). For the temporal bandwidth, we followed the method proposed by Sheather
and Jones (1991), which involves pilot estimation of derivatives to minimize the mean
integrated square error criterion. The bw.SJ() function from the R package base
(R Core Team 2023) was utilized to calculate this bandwidth. To test the separability
hypothesis, as done by Ghorbani et al. (2021) for Poisson processes, we applied the
global extreme rank length (ERL) envelope (Myllymäki et al. 2017; Myllymäki and
Mrkvička 2023) to the empirical S-statistic and the S-statistics computed from simu-
lations (here permutations or block permutations). Further, to ensure a fair comparison
between the S-statistic and the dhsic test, we employed the median heuristic band-
widths proposed by Pfister et al. (2017) for the dhsic statistic (see Sect. 3) also for the
S-statistic. Likewise, we computed the dhsic statistic with both sets of bandwidths. In
the subsequent sections, we denote the test statistics as dhsicD and SD when the spa-
tial bandwidth is determined with bw.diggle() and the temporal bandwidth with
bw.SJ(). Conversely, when the median heuristic approach is used for bandwidth
selection, we denote them as dhsicH and SH.

The χ2-test statistic is defined as

χ2 =
Jχ
∑

i=1

I χ
∑

j=1

(ni j − ei j )
2

ei j
, (9)

where the observation window W × T is divided into I χ × Jχ disjoint subsets (or

cells), and ni j and ei j =
(∑I χ

i=1 ni j

) (∑Jχ

j=1 ni j

)/
n are, respectively, the number

of observed and expected points under the null hypothesis in the subsets Wi × Tj ,
i = 1, . . . , I χ , j = 1, . . . , Jχ . We chose Jχ and I χ in such a way that the expected
number of points in each cell is at least five. The χ2-test follows the asymptotic χ2

distribution with (I χ −1)(Jχ −1) degrees of freedom under H0, being asymptotically
exact under the Poisson assumption. We also applied the same test statistic (9) within
Algorithm 3.1, incorporating the block permutation strategy.
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4.2 Spatio-temporal determinantal point processes

We investigated the empirical rejection rates of the dhsic, S-based global envelope,
and χ2 statistic (9)-based tests for stdpps with the models explained in Sect. 4.2.1.
We considered both separable and non-separable intensity functions. The separable
model was used to evaluate the empirical significance levels of the tests, whereas the
non-separable model was employed for power assessment. For each inhomogeneous
stdpp model, we generated 1000 realizations in the unit cube, W × T = [0, 1]3,
using the thinning procedure described in Appendix A. The dhsic test with Gaussian
kernel was then applied to each simulated point pattern, obtained by splitting the
pattern into disjoint J = 5, 6 and 7 blocks and permuting the resulting J blocks, and
hence computing the Monte Carlo test based on the dhsic test statistic as described
in Sect. 3.1. For these choices of J , we considered the mean number of points in each
block adequately large.

We first conducted experiments using the models described in Sect. 4.2.1. The
results are reported in Sect. 4.2.2. Additionally, we replicated these experiments with
doubled intensity of the simulated point processes for model (i). The findings from
these experiments are summarized in Sect. 4.2.3.

4.2.1 Models

We considered the separable intensity function

ρsep(u, t) = at(1 + cos(x + y)) (10)

and the non-separable intensity function

ρ(u, t) = a(1 + cos(5(x + y + t)). (11)

For stdpps with these separable and non-separable intensities, we considered the
following three spectral densities:

(i) the separable spectral density

ϕsep(ω, τ) = 2πρα2
s αtσ

2
s σ 2

t

(1 + 4π2α2
t τ 2)

exp
(
−π2α2

s ‖ω‖2
)

(12)

with the variance parameters σ 2
s = σ 2

t = 1;
(ii) the spectral density

ϕε(ω, τ) = γ (α2
s α2

t + α2
t |ω|2 + α2

s τ 2 + ε|ω|2τ 2)−ν, (13)

with ε = 1 and ν = 2; and
(iii) the same spectral density (13) with ε = 0 and ν = 2.
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The models (i) and (ii) are separable spectral densities, while the spectral density (iii)
is non-separable. In model (i), αt and αs are temporal and spatial range parameters,
respectively, while in models (ii) and (iii), α−1

t and α−1
s serve as temporal and spatial

range parameters, respectively. See Vafaei et al. (2023) for more detailed explanation
of the parameters in models (i)-(iii), and their roles in defining these stdpp models.

We fixed a = 100 in (10) and (11) such that themaximum of each intensity function
equaled ρmax = 2a = 200. For the parameters of the spectral densities, we considered
different parameter value combinations. The choice of these parameters is explained in
detail inAppendixB. Shortly, the choiceswere done to fulfill the existence condition of
a stdpp, as explained in details in Vafaei et al. (2023). Given the intensity and temporal
range parameters, the maximal spatial range parameter was specified accordingly. The
parameter values are displayed in the legends of Figs. 1 and 2,which present the results,
and are also replicated in the columns of Tables S1–S9 of Supplementary material
S3. Supplementary material S2 presents examples of simulated point patterns from
the models (i)-(iii).

4.2.2 Results

Figure 1 shows the empirical significance levels of the tests for the separable inten-
sity (10). The three panels correspond to spectral densities (i), (ii), and (iii). Detailed
numerical results can be found in the upper parts of Tables S1–S9 in the Supplemen-
tary materials. The empirical rejection rates in the case of separable intensity should
range from 0.037 to 0.064 with a probability of 0.95, given by the 2.5% and 97.5%
quantiles of the binomial distribution with parameters 1000 and 0.05. We can observe
the following:

• For model (i), empirical significance levels of all tests were close to the nominal
level of 0.05, except dhsicD, which was slightly conservative.

• For models (ii) and (iii), all tests were conservative, with the dhsicD test demon-
strating notably more severe conservativeness than the other tests. The S-based
tests were less conservative than the other tests for model (iii) when block permu-
tations were used.

• The bandwidth choice influenced the empirical significance level of dhsic, with
only dhsicH yielding levels close to the nominal level. On the other hand, there
was no clear difference between SH and SD.

• All tests using pure permutation, regardless of the bandwidth selection method,
exhibited severe conservatism for models (ii) and (iii), whereas they were either
weakly conservative or close to the nominal level for model (i).

• The empirical significance levels either remained largely unchanged or moved
closer to the nominal level when switching to the block permutation method. This
improvement was particularly pronounced in spectral densities (ii) and (iii) and
with the dhsicD test for spectral density (i).

• When comparing the tests across different numbers of blocks (J = 5, 6, 7), no
prominent trends were observed in the empirical significance levels.

• We observed no trends in the empirical significance levels with respect to different
parameter values.
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Figure 2 shows the empirical rejection rates (power) when the model had the non-
separable intensity (11) and the spectral densities (i)–(iii). Detailed numerical results
can be found in the upper parts of Tables S1–S9 in the Supplementary materials. We
can observe the following:

• The power of dhsicH was higher than that of dhsicD.
• In contrast, the power of SH was lower than that of SD.
• Even though the asymptotic χ2-test is, in principle, not valid for stdpps, it had
higher power than its block permutation version in all considered cases.

• The dhsicH test outperformed all other tests for all J values in the case of spectral
densities (ii) and (iii) and performed comparably to SD for spectral density (i).

• The power of thedhsic tests andχ2 tests tended to increase slightlywith increasing
J , but therewas no clear difference between the choices of J values for the S-based
tests.

In summary, for stdpps the dhsic test with heuristic (H) bandwidth demonstrated
strong overall performance, achieving empirical significance levels close to 5% along
with the highest power among the tests considered.

4.2.3 Higher intensity

With the separable and non-separable intensities and the spectral density model (i),
we conducted further experiments by increasing ρmax from 200 to 400, resulting in a
higher mean number of points. The model parameters were again chosen following
the guidelines described in Appendix B. For this higher number of points, we also
explored the test performance for a higher number of blocks J = 8, 9 and 10, while
ensuring that each block contained adequately large number of points. The χ2 tests
were now performed with 3 × 3 × 3 cells. With this number of cells, the number of
points in each cell is almost the same as with 3× 2× 2 cells and ρmax = 200, making
the comparison meaningful. The parameters, as well as the results of this experiment,
are summarized in Fig. 3. Detailed numerical results can be found in Table S10 in the
Supplementary materials. The results are as follows:

• The empirical significance levels were satisfactory for all tests here, too, except
for SD , which was liberal, in particular for J = 5, 6, 7.

• dhsicH, SH , and χ2 tests demonstrated empirical significance levels very close to
the nominal 5%, especially for smaller values of αs , outperforming the other tests.

• The dhsicH test had higher power than all other tests across all J .
• The dhsicD wasmore conservative than the dhsicH test, whereas the reverse order
was observed for SD and SH .

• Again the asymptotic χ2-test exhibited higher power than its block permutation
version.

• As intensity increased, the power of the test improved, and the empirical signif-
icance levels approached the nominal level 5%, almost for all tests, in particular
for dhsicH.

Note that as the number of points increases, the small bandwidth selected by Diggle’s
method results in a kernel intensity estimate ρ̂(u, t) that captures local fluctuations that
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Fig. 1 Rejection rates of the different tests (columns) among 1000 replicates for the inhomogeneous stdpp
with separable intensity function (10) and spectral densities (i), (ii) and (iii) (rows) with different scale
parameters (αt , αs ) or (α−1

t , α−1
s ) as specified in the row-specific legends (see Sect. 4.2.1 for details). All

tests were performed using block permutation with different numbers of blocks J = 5, 6, 7, and also with
pure permutation with 1999 permutations, (labeled as ‘pure’ on the x-axis), except for the χ2-test where
‘pure’ corresponds to the asymptotic test. The indices H and D for dhsic and S statistics refer to the median
heuristic and the Diggle bandwidth selection methods, respectively. All χ2-tests were computed based on
3 × 2 × 2 cells and all S-statistics based on 25 × 25 × 20 grids. The simulations of each model had on
average about 75 points

should be rather interpreted as second-order behavior than true variation in the first-
order intensity. Since the separability statistic S is highly sensitive to such deviations,
these small-scale irregularities driven by high intensity and small bandwidth canmimic
signals of non-separability, resulting in an inflated type I error rate (i.e., liberality). This
likely explain why SD values in the top row, fourth panel of Fig. 3 look different from
the corresponding panel in Fig. 1 for J = 5, 6, 7. Recall that the block permutation
tests were conducted using J ! permutations for J < 7, and 1999 block permutations
for J ≥ 7. This was done for computational efficiency, because we observed that
the test results did not significantly change when larger values of permutations were
used instead. It should be noted that running J ! permutations for larger values of
J , the computations may take a considerable amount of time. Thus, as a practical
recommendation, we suggest utilizing only a subset of all possible permutations for
higher values of J .
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Fig. 2 Rejection rates of the separability tests as in Fig. 1 but with the non-separable intensity functions (ρ)

(11). The simulations of each model had on average about 100 points

Fig. 3 Rejection rates of the separability tests as in Fig. 1 (top row) and Fig. 2 (bottom row) but for higher
intensity of stdppmodel (i) with different scale parameters (αt , αs ) as specified in the row-specific legends
and with all χ2-tests computed based on 3 × 3 × 3 cells. The simulations of each model had on average
about 170 points
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4.3 Log Gaussian Cox processes

To facilitate comparisons for the clustered LGCP, we adopted the simulation study
setup of Ghorbani et al. (2021). For each parameter combination of the LGCP models
described in Sect. 4.3.1 (see also Ghorbani et al. (2021)), we simulated 1000 real-
izations of the LGCP on the domain [0, 1]2 × [0, 1]. For each realization, we tested
the null hypothesis of separability using the dhsic, S and χ2 statistics-based tests,
employing both pure and block permutations, and considering Diggle and median
heuristic bandwidth selection methods.

4.3.1 Models

Following Ghorbani et al. (2021), we considered a spatio-temporal stationary log
Gaussian Cox process X driven by a nonnegative stochastic process

�(u, t) = exp(m(u, t) + Z(u, t)), (u, t) ∈ R
2 × R,

where m(u, t) is a non-random/deterministic trend, and Z(u, t) is a Gaussian random
field with mean 0, variance σ 2(u, t) and covariance function C((u1, t1), (u2, t2)). The
intensity function of the LGCP is

ρ(u, t) = exp(m(u, t) + σ 2(u, t)/2).

Under the assumption that variance σ 2(u, t) = C((u, t), (u, t)) = σ 2 is constant,
ρ(u, t) is separable if the mean function m(u, t) takes an additive structure, i.e.,

m(u, t) = log ρ1(u) + log ρ2(t) − σ 2/2 = m1(u) + m2(t),

wherem1(u) andm2(t) are two functions that describe the trendof thefield in space and
time, respectively. In this simulation study, we consider the following mean function

m(u, t) = β0 + β1(x − t) + γ ′xt .

Here, γ ′ = 0 corresponds to the hypothesis of separability, while γ ′ �= 0 implies that
the intensity function is non-separable. In addition, a higher value of γ ′ indicates a
greater degree of non-separability in the intensity function. We additionally set

Z(u, t) = σ1Zs(u) + σ2Zt (t) + γ ′′Zst (u, t), u ∈ R
2 × R,

for parameters σ1, σ2 > 0, and γ ′′ ≥ 0, where Zs , Zt , and Zst are independent
Gaussian random fields with mean zero and covariance functions C1(u1, u2) =
exp(−‖u1 − u2‖2/φ1), C2(t1, t2) = exp(−|t1 − t2|)/φ2), and C3((u1, t1), (u2, t2)) =
C1(u1, u2)C2(t1, t2), respectively,with correlation parametersφ1, φ2 > 0.Theparam-
eter γ ′′ governs the second-order separability in terms of the pair correlation function,
as outlined in (Møller and Ghorbani 2012). Specifically, when γ ′′ = 0, the spatio-
temporal covariance function takes an additive form, resulting in a separable pair
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Fig. 4 Empirical significance levels (γ ′ = 0) for LGCP with different values of the parameters of (γ ′′, β0)
(top row) and power (γ ′ > 0) with γ ′′ = 0 and different values of β0 across different tests (columns).
Parameter values are specified in the row-specific legends (see Sect. 4.3 for details). All tests were performed
using block permutation with different number of blocks J = 5, 6, 7, and also with pure permutation with
1999 permutations, except for the χ2-test ‘pure’ corresponds to the asymptotic test. The indices H and
D for dhsic and S statistics refer to the median heuristic and the Diggle bandwidth selection methods,
respectively. All χ2-tests were computed based on 3×2×2 cells and all S-statistics based on 25×25×20
grids. The simulations of each model had on average about 200 points

correlation function. In contrast, when γ ′′ > 0, the covariance function becomes
non-separable, leading the process to exhibit a non-separable second-order structure.
Setting γ ′ = γ ′′ = 0 implies that the realization of the underlying random intensity
�(u, t) has multiplicative form. This, in turn, indicates that conditional on�(u, t), for
γ ′ = γ ′′ = 0, a realization of a separable inhomogeneous Poisson process is obtained.

We explored the performance of the tests for the case γ ′ = 0 (empirical significance
levels) as well as for γ ′ > 0 (power). For testing the empirical significance levels with
γ ′ = 0, we considered γ ′′ = 0, 0.5, 1. For the power comparison, γ ′ took values 0.5,
1.5, 3 and 5, while γ ′′ was fixed to 0. Regarding other parameters, we fixed β1 = 0.25,
σ1 = σ2 = 0.5, φ1 = 0.06 and φ2 = 0.05. Note that the parameter values were chosen
such that the expected number of the points of each realization was around 200.

4.3.2 Results

In Fig. 4, the upper row shows the empirical significance levels for the tests, while
the lower row presents the power results. Detailed numerical results can be found in
Tables S11–S13 in the Supplementary materials. We observed the following about
the empirical significance levels:

• For γ ′′ = 0, all tests achieved the nominal level of 5%. However, for γ ′′ > 0,
dhsicD, SH , and SD exhibited liberal behavior, which became more pronounced
as γ ′′ increased.
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• The use of large bandwidths with the median heuristic approach (spatial band-
widths between 0.3 and 0.4, and temporal bandwidths between 0.19 and 0.22)
effectively mitigated the impact of small-scale clustering patterns in stlgcp
intensity estimation. This approach significantly improved test performance, with
dhsicH (across all γ ′′) and the S-test (for small values of γ ′′) producing empirical
significance levels closer to the nominal 5%.

• The block permutation method slightly reduced the liberality of some tests
compared to pure permutation. Particularly, the dhsicD and χ2-tests exhibited
empirical significance levels closer to the nominal level, even for γ ′′ = 1, under
block permutation compared to pure permutation.

• ThedhsicH andχ2-tests employing block permutations consistently outperformed
the other tests, achieving the nominal level 5% across all γ ′′ values.

Regarding the power of the tests (Fig. 4, bottom row), we observed:

• The power of all tests, except for dhsicD, increased along the non-separability
parameter γ ′.

• For γ ′ �= 0.5, the power of the testsdhsicH andχ2 slightly increased by increasing
the number of blocks.

• The power of the dhsic and S-based tests exhibited sensitivity to bandwidth
variations, with larger bandwidths enhancing performance. Specifically, dhsicH
outperformed dhsicD, and SH surpassed SD .

• When inspecting the powers, it should be recalled that the dhsic and S statistics-
based tests that used pure permutations, and the asymptotic χ2-test had too high
empirical significance levels for large γ ′′. The same was observed also for dhsicD
and SD both with block and pure permutations.

• The dhsicH and SH tests with block permutations were consistently the most
powerful, and their empirical significance levels were also close to the nominal
levels, or slightly liberal (SH for γ ′′ = 1.0).

4.4 Poisson processes

We also investigated the empirical significance level and power of the tests based on
the three test statistics (dhsic, S, χ2), employing two permutation methods (block and
pure), and considering two bandwidth selection methods under the Poisson assump-
tions. We considered the inhomogeneous spatio-temporal Poisson process models
outlined in Sect. 4.4.1. Section4.4.2 presents the results.

4.4.1 Models

We considered an inhomogenous spatio-temporal Poisson process with the intensity
function ρ(u, t) = (ν − γ )ξ(u)ψ(t) + γφμ,�(u, t), where the parameter ν controls
the expected number of points in the pattern, the parameter γ ∈ [0, ν/2] controls the
degree of separability, and ξ(u) and ψ(t) are spatial and temporal baseline densities,
respectively (see Ghorbani et al. (2021), for more details). For γ = 0, the model is
separable. The second part of the model, with φμ,�(u, t), introduces non-separability
in the model when γ �= 0. The density φμ,�(u, t) is a three dimensional normal
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distribution with mean μ = (0.3, 0.3, 0.2) and a diagonal covariance matrix � =
diag(0.05, 0.05, 0.05), creating a “burst” of points aroundμ. For the baseline densities,
two cases were considered:

(M1) Overall constant density with ξ(u) = 1 and ψ(t) = 1,
(M2) ψ(t) = 1 and the spatial density ξ(u) is a bivariate normal distribution φμ,�(u)

with a mean vector μ = (0.5, 0.5) and a diagonal covariance matrix � with
variances 0.2 in both directions.

We considered different values of γ = 25, 35, 50, 75, and we determined ν by fixing
the expected number of points in the pattern to be around 600. Themodel was designed
to replicate real-world scenarios, such as those found in environmental epidemiology,
where incidents typically occur randomly within the population. While there may be
an overall trend over time, occasional sudden spikes in incidents can occur, particularly
around contaminated sources. The choice of 600 points wasmade tomimic the number
of cases observed in the FMD data discussed in Sect. 5.1.

4.4.2 Results

The empirical significance levels of the tests formodels (M1) and (M2) are presented in
Fig. 5 and powers in Fig. 6. Detailed numerical results can be found in Tables S14–S16
in the Supplementary materials. We can observe the following:

• The empirical significance levelswere satisfactory for all tests except for SD,which
exhibited clear liberality, especially for J = 5 and J = 6.

• The use of small bandwidths of the Diggle method increased the power of the
dhsic test. The same was true for the S-statistic-based test, whether employing
pure permutation, or block permutation with J = 7. (The SD test with block
permutation and J = 5, 6 was too liberal to be considered.)

• At the empirical significance level 0.05, the dhsic tests exhibited slightly higher
power for all γ values in both models compared to their S-statistics counterparts,
except for γ = 75 with J = 5, where dhsicH was negligibly lower. Both tests
performed better than the χ2 test.

• As expected, employing the block permutation strategy led to a decrease in power
for all tests. The drop was, however, rather small with the dhsic statistic with
Diggle bandwidths (D).

• As anticipated, an increase in the non-separability parameter γ increased the power
of the tests.

5 Case studies

As real-world case studies, we investigated the first-order separability of the spatial
and temporal components in two datasets: the UK’s 2001 epidemic foot-and-mouth
disease (FMD) dataset in Cumbria (Sect. 5.1) and the varicella in Valencia (Sect. 5.2).
To assess the separability, we employed the dhsic separability test and Algorithm 3.1.
Additionally, we compared the obtained results with the results of the global ERL
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Fig. 5 Empirical significance levels for the Poisson process model across dhsic, S-based global envelope,
and χ2 for the two inhomogeneous Poisson process modelsM1 andM2 (see Sect. 4.4.1 for details). All tests
were performed using block permutation with different numbers of blocks J = 5, 6, 7, and also with 1999
pure permutation, except for the χ2-test, where ‘pure’ corresponds to the asymptotic test. The indices H
and D for dhsic and S statistics refer to the median heuristic and the Diggle bandwidth selection methods,
respectively. Lines represent parameter γ as specified in the legend. The χ2-test was computed based on a
3× 2× 2 grid, and all S-statistics were based on 25× 25× 20 grids. The significance level was set to 0.05

Fig. 6 Rejection rates of the separability tests as in Fig. 5 but with the non-separable intensity functions
with parameter γ > 0 shown in legend. The simulations of each model had on average about 600 points
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envelope test based on the S-statistic and pure permutations of times, as outlined in
Ghorbani et al. (2021). To further enrich our comparative analysis, we also applied
the S- and χ2-statistics within Algorithm 3.1, incorporating the block permutation
strategy. To differentiate between block and pure permutations, the notation bp is
consistently added as a subscript to all tests employing block permutation.

5.1 UK 2001 epidemic foot-and-mouth disease data

Foot-and-mouth disease is a severe and highly contagious viral disease of livestock,
with a significant economic impact. The disease affects cattle, swine, sheep, goats,
and other ruminant cloven-hoofed animals. The data we analyze here come from
the R package stpp (Gabriel et al. 2018) and were previously analyzed in Keeling
et al. (2001), Diggle (2006, 2007), Gabriel et al. (2018), Møller and Ghorbani (2012),
Ghorbani (2013), and Ghorbani et al. (2021). For more information on the data, see
Diggle (2013).

Thedataweexamined in this studypertain toCumbria, a county located in northwest
England, with an area of 5556.298km2. The data were collected over a 200-day period
starting February 1, 2001, resulting in a time interval of T = [0, 200]. Figure7 displays
the spatial point pattern of 648 infected farms in the irregular region W defined by
Cumbria (upper left panel), marked based on the infection date, with smaller points
representing older events. The lower panel of the figure illustrates the daily number of
infected farms using bars. Further, the upper right and lower panels show, respectively,
the estimated spatial intensity ρ̂space using the kernel method with a bandwidth b =
1.83 km and the estimated temporal intensity ρ̂time using the kernel method with a
bandwidth of 3.59 days. The choice of bandwidths here was made by minimizing
the MSE criterion (see Diggle (1985)) for the spatial intensity estimate and using the
bw.SJ(·) function of the R package stats, which implements the methods of Sheather
and Jones (1991) for bandwidth selection based on pilot estimation of derivatives,
for the temporal intensity estimate. We used the Gaussian kernel (7) in both cases.
Further, the spatio-temporal pattern of all FMD cases is shown in Fig. 8. The x- and
y-axes show the spatial coordinates in kilometers, and the z-axis shows the temporal
component in days.

The primary objective in analyzing the FMD dataset is to explore any potential
relationship between the location of farms and the times ti at which particular farms
reported FMD cases (Keeling et al. 2001; Diggle 2013). Here, for comparison pur-
poses, we used various tests to assess whether the spatial and temporal components
for FMD data are first-order separable. Notably, Ghorbani et al. (2021) applied the
global ERL envelope test (Myllymäki et al. 2017) with the S-function, which strongly
rejected the null hypothesis of separability (pvalue = 4.10−4), assuming an inhomo-
geneous Poisson process for the FMD data. Here, we used the dhsic test together with
block permutation which avoids making model assumptions such as Poissonity about
the data.

Based on the simulation studies conducted in Sect. 4.3, the power of the dhsicbp.H
test increased with the number of blocks J . Thus, assuming that the FMD dataset
exhibits small-scale clustering and given that the number of points is rather large
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Fig. 7 Spatial point pattern of infected farms (top left panel) (the smaller points correspond to older events),
ρ̂space(r) (top right panel), and ρ̂time(t) together with the daily number of infected farms (bottom panel)
for the FDM data

(> 600), at least J = 5 can be recommended. However, since smaller values of J
are preferable to avoid disturbing the interactions of the process, we did not consider
J > 8. For comparison purposes, and according to the simulation studies in Sect. 4.3,
we also performed the χ2

bp test, which was performed based on 3 × 3 × 3 cells, and
the Sbp.H test, which was evaluated on a 50 × 50 × 10 grid. The dhsicbp.H and Sbp.H
tests strongly rejected the separability hypothesis regardless of the number of blocks
(J ) (Table 1). The p values of the S-based global envelope test were similar to those
of the dhsicbp.H test, while the χ2

bp-test failed to reject the separability hypothesis
for J ≤ 6. Thus, the dhsicbp.H and Sbp.H tests rejected the separability hypothesis
similarly as Ghorbani et al. (2021) (permutation test with S and global ERL envelope
test: p value = 4 · 10−4), but without restricting to the Poisson process case.
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Fig. 8 Spatio-temporal point pattern of infected farms for the FDM cases in Cumberia, England. The color
scale corresponds to infection time

Table 1 The p values of the
dhsicbp.H, and Sbp.H, and χ2

bp
tests for the FMD data. The
median heuristic spatial and
temporal bandwidths, used in
the dhsicbp.H and Sbp.H tests,
were 18.44 km and 13.43 days,
respectively

Tests J = 5 J = 6 J = 7 J = 8

dhsicbp.H 0.0081 0.0072 0.0005 0.0005

Sbp.H 0.0082 0.0132 0.0071 0.0022

χ2
bp 0.0751 0.1251 0.0175 0.0160

5.2 Varicella in Valencia

This section analyzes the varicella-zoster virus (also known as chickenpox) cases
registered inValencia, Spain, in 2013.Valencia is the thirdmost populatedmunicipality
in Spain, with 791,413 inhabitants in the administrative center (districts) and an area
of approximately 134 km2 (Wikipedia of Valencia). The study area is represented
by districts 1 to 16. The remaining districts are very sparsely populated and located
far from the urban center. In 2013, 921 cases of varicella were recorded in the study
area over a 52-week period (Department of Health, 2013). The dataset analyzed here
was previously studied by Iftimi et al. (2015) to identify spatio-temporal clusters of
chickenpox in Valencia and by Iftimi et al. (2017b) to model spatial locations of
varicella using hybrids of Gibbs point processes (Baddeley et al. 2013). Additionally,
Iftimi et al. (2017a) discovered spatio-temporal interactions in varicella by developing
a spatial multi-scale area-interaction model to the spatio-temporal framework.

The spatial coordinates of chickenpox cases were initially given in latitude and
longitude. To facilitate the analysis, these coordinates were converted from the lati-
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Fig. 9 Spatial point pattern of infected cases (top left panel) (the smaller points correspond to older events),
ρ̂space(r) (top right panel), and ρ̂time(t) together with the daily number of infected cases (bottom panel)
for the varicella data in Valencia

tude/longitude scale to the Universal Transverse Mercator (UTM) scale and expressed
in meters. Figure9 (left) shows the Valencia boundaries along with a spatial projection
of the spatio-temporal point pattern given in Fig. 10. Smaller points represent older
events. For the analysis purpose, the spatial coordinates were rescaled to kilometers,
i.e., the study region was then enclosed within the box [0, 9km] × [0, 9km].

The time component of the process takes integer values from 0 to 51 because the
data were collected over 52 weeks. Therefore, we set the spatio-temporal study area
to ([0, 9]×[0, 9])×[0, 52](km2×week). Figure10 shows the spatio-temporal pattern
of all varicella cases. The x- and y-axes show the spatial coordinates in kilometers,
and the z-axis shows the temporal component in weeks.

Similar to the analysis performed on the FMD dataset, our primary focus in the
analysis of varicella data revolves around uncovering significant associations or depen-
dencies between the geographical locations of infected cases and the reported timing,
which enriches our understanding of the underlying dynamics in the dataset. To explore
this relationship thoroughly, we employed the dhsic separability test and Algorithm
3.1 (block permutations). Additionally, we compared the obtained results with the
global ERL envelope test based on the S-statistic, either pure (S-test) or block per-
mutations (Sbp.H-test), as suggested by the simulation studies. Namely, based on our
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Fig. 10 Spatio-temporal pattern of varicella cases in Valencia, Spain. The color scale corresponds to infec-
tion time

Table 2 The p values of the
dhsicbp.H, and Sbp.H, and χ2

bp
tests for the varicella data in
Valencia. The median heuristic
spatial and temporal bandwidths,
used in the dhsicbp.H and Sbp.H
tests, were 2.12 km and 8.5
weeks, respectively

blocks 5 6 7 8

dhsicbp.H 0.383 0.282 0.477 0.266

Sbp.H 0.651 0.430 0.972 0.453

χ2
bp 0.375 0.443 0.416 0.321

visual assessment, the varicella data exhibits a regular pattern; thus, we considered
the stdpps as our reference case from the simulation study. To further enrich our
comparative analysis, we also applied the Sbp and χ2

bp tests, with a 3 × 3 × 3 cell
configuration. For the S-statistic, we estimated the spatial intensity, ρ̂space, with a
bandwidth of bs = 2.12 km and the temporal intensity, ρ̂time, with a bandwidth of
bt = 8.5 weeks and evaluated the S-statistic on a 50×50×10 grid. These bandwidths
were selected using the median heuristic approach explained in Sect. 3. Presumably,
the choice J = 6 would also be a reasonable one here. However, for comparison pur-
poses, we again performed all block permutation-based tests with J = 5, 6, 7, and 8.
The resulting p values from almost all tests indicate substantial evidence supporting
the null hypothesis of first-order separability (see Table 2).

We further tested the separability hypothesis for the varicella data using the global
ERL envelope test based on the S-statistic (8) and pure permutations. The resulting
pvalue = 0.007 supports rejecting the null hypothesis of separability. This underscores
the importance of an appropriate simulation method in hypothesis testing.
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6 Software

The R codes used in this work are available upon request from the corresponding
author (mohammad.ghorbani@ltu.se).

7 Discussion and conclusion

We introduced a novel separability test for spatio-temporal point process models and
evaluated its performance across various scenarios, including stdpps, LGCPs, and
inhomogeneous Poisson processes. For regular stdpps, the new dhsic test with block
permutations and large bandwidths determined using the median heuristic approach
(‘H’, spatial bandwidths between 0.3 and 0.39, and temporal bandwidths between
0.13 and 0.23 in our examples) performed the best in our simulation experiments. Its
empirical significance levels were fine or a bit conservative. It had higher power than
the tests based on previously suggested S- and χ2-statistics. On the other hand, the
dhsic using small Diggle’s bandwidths (‘D’, spatial bandwidths between 0.03 and
0.06, and temporal bandwidths between 0.05 and 0.07) previously suggested for the
S-statistic was extremely conservative and had low power. For the LGCP models,
the empirical significance levels of the dhsicH-based test were close to the nominal
level, while the dhsicD as well as S- and χ2-statistic-based tests were unacceptably
liberal for some LGCPs (with large γ ′′ values). The tests based on the S-statistic and
bandwidths from the median heuristic approach also performed well. The dhsicH-
based test had comparable power with these SH tests. Thus, the test with dhsicH and
block permutations can be recommended for regular stdpps and clustered LGCPs.

We also compared the dhsic statistic to the S and χ2 tests proposed by Ghorbani
et al. (2021) in the Poisson process case. At the empirical significance level 0.05,
the dhsic tests exhibited slightly higher power for all γ values compared to their
S-statistics counterparts. The dhsic statistic using small bandwidths with the Diggle
method demonstrated satisfactory empirical level with high power. It is worthwhile
noting that the new proposed test is computationally more efficient. For example, for
FMD data, the S-test took 700s, whereas the dhsic test only took 30s, making the
dhsic test approximately 23 times faster.

We also included the χ2-statistic (9) with the block permutation approach into our
simulation studies for stdpps and LGCPs. However, slightly surprisingly, the power
of this test was lower than the power of the asymptotic χ2-test not only for Poisson
processes but also for stdpps where both tests had appropriate significance levels. For
LGCPs, the asymptotic test was liberal.

It is worth noting that there is no general rule to choose number of blocks J , and
it somewhat depends on the range of dependence in the data. If there are long range
dependencies, then one should choose large blocks, not to break them. However,
these two points can be served as a guide: First, J should not be too large, so as
not to completely destroy the structure of the point pattern; second, it should not be
too small because the permutations may then not represent the null hypothesis. In
our experiments for stdpp, when the number of points in a pattern was about 100,
the choice J = 5, 6 or 7 performed well. We also originally experimented with the
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choices J = 4 and J = 3, which allow to work at the significance levels 0.042 and
0.17. The empirical significance levels were close to the nominal levels with these
values of J as well, but with J = 3 the significance level is obviously too large for a
typical situation and with J = 4 the power of the test tended to be clearly lower than
with J = 5 or 6 (results omitted here).

We used the aforementioned tests to investigate the first-order separability of FMD
data and varicella data in Valencia. The results of these tests provided convincing
evidence for the rejection of first-order separability for FMD data. Conversely, there
was no evidence against the first-order separability hypotheses for the varicella data
in Valencia.

It is worth to note that in this study, we calculated the dhsic using the kernel
embedding of the joint and marginal distributions. However, an alternative approach
is to employ the correlation distance approximation, which offers an efficient and
scalable method by computing the correlation distance between the kernel matrices
associated with the joint and marginal distributions (Edelmann and Goeman 2022;
Shen and Vogelstein 2021). The correlation distance serves as a similarity measure
that quantifies the linear relationship between two sets of variables.

Supplementarymaterials

The supplementary materials include the following key items:

1. Illustration of the block permutation with an example (S1): This section explains
the block permutation approach using an example. It demonstrates how data are
partitioned and permutedwhile preserving the second-order structure of the spatio-
temporal point process.

2. Realizations of stdpp models (S2): This section discusses separable and non-
separable intensity functions and three spectral density models. It includes
illustrative examples of realizations from these models to clarify the concept of
separability and highlight differences between separable and non-separable pro-
cesses. These visualizations aid in understanding the characteristics of the stdpp
models used in the simulation study.

3. Tables of test results (S3): This section presents detailed numerical results on the
performance of the proposed separability tests, which are summarized in Figs. 1-
6. The tables include empirical significance levels and test power under various
scenarios discussed in the main document.

A Simulation of inhomogeneous spatio-temporal determinantal
point processes

Suppose that X is a soirs and isotropic stdpp with kernel function

C((u1, t1), (u2, t2)) = √
ρ(u1, t1)R0(u/αs, t/αt )

√
ρ(u2, t2), (14)
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where ρ plays the role of the intensity function of the process, αs > 0 and αt > 0
are the spatial and temporal correlation parameters, respectively, and R0(·) is the
correlation function correspondent to C . The algorithms of Lavancier et al. (2015) can
be used to simulate stationary dpps. Then, the inhomogeneous stdpp with (14) can
be simulated by applying independent thinning to an appropriate stationary stdpp, or
another soirs stdpp. In general, suppose that Y is a stdpp with kernel Cy and p is
a probability function that takes values in [0, 1]. If we denote Yp as a point process
obtained by retaining all (u, t) ∈ Y independently and with probability p(u, t), then
according to Proposition A.2 in Lavancier et al. (2015), Yp is a stdpp with kernel
function

C p((u1, t1), (u2, t2)) = √
p(u1, t1)Cy((u1, t1), (u2, t2))

√
p(u2, t2). (15)

Now, assume that Xmax is a stationary version of X with kernel Cmax(u, t) =
ρmaxR0(u/αs, t/αt ) such that ρmax is themaximumof ρ(u, t) on the given observation
window W × T . Let X thin be the point process obtained by independent thinning of
Xmax with retention probability p(u, t) = ρ(u, t)/ρmax. Then applying (15), X thin is
a stdpp with the kernel function

Cthin((u1, t1), (u2, t2)) = √
p(u1, t1)Cmax(u, t)

√
p(u2, t2)

= √
ρ(u1, t1)R0(u/αs, t/αt )

√
ρ(u2, t2).

Thus, the thinned process has the kernel and intensity of the original process X . There-
fore, the process X can be simulated by first generating a realization of Xmax and then
performing independent thinning with retention probability p(u, t) = ρ(u, t)/ρmax.

B Simulation study: Explanation for the choice of parameters of the
determinantal point processes

The range parameter values of the spectral densities were chosen for the models of
the simulation study of Sect. 4.2 as follows: According to the existence of a stdpp
for different spectral densities, the maximum intensity of the models is affected by
the degree of interaction between the points. Distance parameters of each model were
chosen to satisfy the corresponding existence conditionof the a stdpp, i.e.,ϕ(ω, τ) ≤ 1
(for more details, see Section 3 in Vafaei et al. (2023)). Further, for given values of the
temporal scale parameter and intensity, we chose maximal spatial scale parameters
for the three spectral density models (i)-(iii):

(i) For the spectral density model (i) with the variance parameters σ 2
s = σ 2

t = 1 and
considering that ρmax = (2πα2

s αtσ
2
s σ 2

t )−1: the spatial range parameter,αs , has the
maximum value (2πραt )

−1/2 for a given value of the intensity ρ and the temporal
delay parameter αt . Thus, for ρ = 200 and with fixed parameters αt = 0.15
and 0.05, the maximum of αs is, respectively, 0.07 and 0.12 (choices listed in the
legend of Fig. 1 (Top row)). As the parameters αs and αt increase, the value of
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pair correlation function decreases which means that repulsion among the points
increases (see Figure 1 in Vafaei et al. (2023)).

(ii) In the model (ii), with ε = 1 and ν = 2: the minimum value of the spatial scale
parameter αs for a given ρ and αt is equal to {4ρ/(π2αt )}1/2. Therefore, for
ρ = 200 and with fixed parameters α−1

t = 0.05 and 0.02.
Therefore, we obtained corresponding values, 0.1, 0.05, and 0.02 for the α−1

s (See
legend of Fig. 1 (Middle row)).

(iii) In the model (iii), with ε = 0 and ν = 2: the minimum value of spatial scale
parameter αs for the given ρ and αt is equal to {(2ρ)/(π2αt )}1/2. Therefore, for
ρ = 200 and α−1

t = 0.05 and 0.02 we obtained corresponding values for the α−1
s

(See legend of Fig. 1 (Bottom row)). For models (ii) and (iii), the value of pair
correlation function decreases with increasing the α−1

s and α−1
t (see Figure 1 in

Vafaei et al. (2023)), i.e., dispersion between the points increases, and therefore,
we select the possible maximum values of the α−1

s .
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