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A B S T R A C T

A joint model framework for estimating population sizes over time and survival probabilities while considering
inbreeding and age as covariates in the survival function is elaborated. This methods is tested with data
simulated over two small (𝑁 ≈ 150) close to extinction open populations, that aims to imitate wild individuals
under decline and bottleneck dynamics. A Hidden Markov Model (HMM) perspective with a multi-state
formulation that considers young and adult individuals is applied with data augmentation to account for
non-seen individuals. The transition probabilities are estimated, and different treatments of the covariates and
levels of data seen are compared. Our results suggest that the model framework correctly estimates different
population size trends but the parameter estimation is challenging in some cases. The proposed model presents
a new way to use the inbreeding coefficient, and further implementations on a real conservation data of wild

species can help the decision-making process for the management of small populations.
1. Introduction

High effort in the implementation of conservation management in
small populations is required to avoid extinction (Pimm et al., 2014;
Ripple et al., 2017). Usually, there is a lack of information on various
aspects of population dynamics, such as the number of individuals, sur-
vival rate, and fecundity amounts. In addition, environmental (Lande,
1993) and societal factors such as hunting (Leclerc et al., 2015) or
urbanization (Benson et al., 2019) bring big challenges (Ovaskainen
and Meerson, 2010) and increase the uncertainty on the actions and
decisions that should be taken for conservation.

When a population size becomes small, the probability of inbreeding
and inbreeding depression increases, leading to a rise in mortality,
and a decrease in reproduction, further reducing the population size
(Blomqvist et al. 2010; Godwin et al. 2020). This phenomenon is
known as the extinction vortex (Frankham et al., 2017). How to es-
cape or avoid it is an active area of research on the conservation
of species. Thus far, several practices have been employed, such as
the reintroduction of new individuals, assisted gene flow or migration
to reduce inbreeding and increase genetic variation (Armstrong and
Seddon 2008; Aitken and Whitlock 2013; Fitzpatrick et al. 2020) or
supplementary feeding to reduce mortality (Robb et al., 2008).

It is still not clear how inbreeding information and population
dynamics are related (Keller and Waller, 2002), since previous research

∗ Corresponding author.
E-mail address: diego.rondonbautista@oulu.fi (D. Rondon).

has focused on quantifying the effect of inbreeding on various mea-
sures of population viability (Leimu et al., 2006). For example, Marr
et al. (2006) suggested a relationship between inbreeding and envi-
ronmental factors that reduce the hatching success of Melitaea cinxia.
Domingue and Teale (2007) established that in a beetle population
(Ips pini), the number of offspring decreases as the inbreeding coeffi-
cient increases. Bozzuto et al. (2019) showed an inverse relationship
between inbreeding and population growth of the Capra ibex, alongside
other authors such as Latter and Robertson (1962) and Saccheri et al.
(1998). An exception is a study by Armstrong et al. (2021), where a
complex multi-step model uses inbreeding information to calculate sur-
vival probabilities and population sizes of North Island Robin (Petroica
longipes) in New Zealand.

However, there is still a lack of understanding of how inbreeding
is relevant to the dynamics of the populations. One of the difficulties
when considering inbreeding levels as part of the dynamics of the
wild population has been that pedigree data of several generations are
not often available. Nowadays, this can be overcome by estimating
inbreeding levels based on whole genome sequencing, where the in-
breeding level can be estimated from the DNA sample of an individual
(Nietlisbach et al., 2019).

In this study, we aimed to combine inbreeding and population
dynamics to jointly estimate the evolution of population size and sur-
vival probabilities. The work was conducted using an open simulated
vailable online 29 February 2024
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population where different values for the effect of inbreeding and age
were proposed resulting in two distinctive scenarios, namely, Decline
and Bottleneck populations. We used a Jolly–Seber model with a multi-
state formulation, also known as a Hidden Markov Model (HMM)
(Zucchini et al., 2016), This model has the advantage of separating
the effect of males and females. As opposed to a previous study by
Armstrong et al. (2021), which also considered inbreeding, we could
model the population without assuming conditions on the first captures,
as is commonly the case for wild open populations. Different meth-
ods are used to model the transition probabilities while considering
different levels of data seen. Model performance was evaluated via
the Mean Square Error (MSE) between the estimated population size
against the true simulated value. The proposed model uses a Bayesian
framework, which can easily incorporate any prior information in the
dynamics of the population and it works with Data Augmentation (DA)
to account for the unseen individuals (Kéry and Schaub, 2011; Royle
and Dorazio, 2012).

This work proposes a new way to consider the use of inbreeding in
estimating survival probabilities on an individual level. Additionally,
we present insights on how to extend the use of the model while using
different covariates and gaining more information on how they affect
the survival probability at different life stages of an individual.

2. Material and methods

Here, we first present and formulate a multi-state model, where
continuous covariates serve to parameterize the survival probability.
Then, we test the performance of the method using simulated data.
The presented model uses input data extracted from random samples
belonging to two distinct scenarios that represent populations close
to extinction and which are thus most likely to be of conservation
concern and suffer from inbreeding. These two scenarios are hereafter
named Decline and Bottleneck. To mitigate the effects of sampling
variation, the simulation analyses are replicated multiple times. This
model and simulation framework are not specialized for any specific
species. Instead, it is designed towards optimizing the reproductive
potential of all individuals, overlooking species-specific behaviors that
would otherwise reduce inbreeding and influence mate selection.

2.1. Multi-state model for data analysis

A multi-state model is used to describe the population dynamics
(Lebreton and Cefe, 2002; Kéry and Schaub, 2002). It is interpreted as a
Hidden Markov Model (HMM) given that it can be divided into hidden
and observed processes. In this framework, the life of an individual is
summarized as a set of possible discrete hidden states 𝐙 that represents
a succession of life stages, and it follows a Markov process, meaning
that the present state of an individual 𝑖 at generation 𝑡 depends only
on P(𝑧𝑖,𝑡|𝑧𝑖,𝑡−1). The observed outcome depends only on the present
hidden state through P(𝑦𝑖,𝑡|𝑧𝑖,𝑡) and refers to the observation or emission
probability (Rabiner, 1989).

States of the individuals and possible transitions between hidden
states can be seen in Fig. 1. The hidden states can be denoted numeri-
cally and interpreted as:

• 𝑧 = 1: refers to the unborn state. It is possible to move from this
state to any living state 𝑧 = [2,… , 5]. Moving to any young state
refers to a newborn individual. Moving to an adult state can occur
under two scenarios, either the individual was not detected as
young, or, the individual is an immigrant.

• 𝑧 = 2 or 𝑧 = 4: are the young states of females and males,
respectively. From here, an individual can survive and make a
transition to the adult stage. We assume that the time scales of
the observation process and of the biological process are the same
and thus it is not possible to observe an individual several times
2

as a young.
• 𝑧 = 3 or 𝑧 = 5: are the adult stages for females and males,
respectively. An individual remains in this stage until it dies.

• 𝑧 = 6: marks an individual as dead and it is an absorbing state.

The transition probability between hidden states is modeled by
a transition matrix 𝛺𝑖,𝑡, that represents all the possible changes of
individual 𝑖 between generations 𝑡 and 𝑡 + 1. The matrix is individual
and generation specific, the sum of all independent rows must add up
to one. As seen below:

𝛺𝑖,𝑡 =

1 2 3 4 5 6
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

1 𝑠1,𝑡 𝑠2,𝑡 𝑠3,𝑡 𝑠4,𝑡 𝑠5,𝑡 0
2 0 0 𝜙𝑓𝑦;𝑖 0 0 1 − 𝜙𝑓𝑦;𝑖
3 0 0 𝜙𝑓𝑎;𝑖,𝑡 0 0 1 − 𝜙𝑓𝑎;𝑖,𝑡
4 0 0 0 0 𝜙𝑚𝑦;𝑖 1 − 𝜙𝑚𝑦;𝑖
5 0 0 0 0 𝜙𝑚𝑎;𝑖,𝑡 1 − 𝜙𝑚𝑎;𝑖,𝑡
6 0 0 0 0 0 1

. (1)

The transition probability between two unborn states (𝑧𝑡 = 1 →
𝑧𝑡+1 = 1) for adjacent generations is logit(𝑠1,𝑡+1) ∼ N(𝜂𝑡, 1), where 𝜂𝑡 =
logit−1(𝑠1,𝑡) is the back-transformed entry probability of the previous
generation, a random variation is achieved by the use of a standard nor-
mal distribution centered on previous value, the link function is defined
as logit(𝑠) = log( 𝑠

1−𝑠 ) and with the inverse as logit−1(𝑠) = log( exp(𝑠)
exp(𝑠)+1 ).

The use of the inverse function makes the arguments of the smooth
process on the same range, avoiding numerical problems. By linking
the transition probabilities of subsequent generations, that is, using a
first order random walk smoothing (Lang and Brezger, 2004), we create
a more stable model and avoid abrupt jumps in the population size.
The remaining transition probabilities between an unborn state and
any alive state are assumed to follow a Dirichlet distribution, 𝑠2∶5,𝑡 ∼
𝐷𝑖𝑟(K, 𝛼), which is then scaled to the range [0, 1−𝑠1,𝑡]. The true outcome
of an individual can take the values of: 𝑦 = 1 not seen (NS), 𝑦 = 2
seen as young (SY), or 𝑦 = 3 seen as an adult (SA). This is represented
y a succession of discrete states that depend on the true state of the
ndividual (P(𝑦𝑖,𝑡|𝑧𝑖,𝑡)). The probability of a certain result depends on

the observation matrix 𝛩𝑖,𝑡, and it is independent of the population size
and number of augmented individuals, this is to take full advantage of
the Bayesian approach and gain more modeling freedom. In practice,
however, considering underlying occurrence probabilities, which give
rise to the observed proportions (N/M), may lead to roughly similar
estimates as using observed proportions directly. Here the rows repre-
sent the current hidden state at a given generation and the columns the
observable outcome, as follows:

𝛩𝑖,𝑡 =

𝑁𝑆 𝑆𝑌 𝑆𝐴
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

1 1 0 0
2 1 − 𝑝𝑓𝑦;𝑖,𝑡 𝑝𝑓𝑦;𝑖,𝑡 0
3 1 − 𝑝𝑓𝑎;𝑖,𝑡 0 𝑝𝑓𝑎;𝑖,𝑡
4 1 − 𝑝𝑚𝑦;𝑖,𝑡 𝑝𝑚𝑦;𝑖,𝑡 0
5 1 − 𝑝𝑚𝑎;𝑖,𝑡 0 𝑝𝑚𝑎;𝑖,𝑡
6 1 0 0

. (2)

Some assumptions of the model based on the structure of the transition
matrix include (1) perfect classification of young and adults, and (2)
no observation of dead individuals.

A categorical distribution is used to model the transition between
the hidden states (𝑧𝑖,𝑡 → 𝑧𝑖,𝑡+1) and their emission to the observable
states (𝑧𝑖,𝑡 → 𝑦𝑖,𝑡,), allowing to write the model as:

𝑧𝑖,𝑡+1|𝑧𝑖,𝑡, 𝛺 ∼ 𝑐𝑎𝑡𝑒𝑔𝑜𝑟𝑖𝑐𝑎𝑙
(

𝛺𝑧𝑖,𝑡 ,1∶6,𝑖,𝑡

)

, (3)

𝑦𝑖,𝑡|𝑧𝑖,𝑡, 𝛩 ∼ 𝑐𝑎𝑡𝑒𝑔𝑜𝑟𝑖𝑐𝑎𝑙
(

𝛩𝑧𝑖,𝑡 ,1∶3,𝑖,𝑡

)

. (4)

ata Augmentation (DA) is used to represent the individuals that
re alive but non-observed (Royle and Dorazio, 2012). By adding
bservations that do not reflect information, we created a data set
f individuals seen and augmented. This is done in such a way that
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Fig. 1. Proposed multi-state model. White circles represent hidden states and gray boxes are observed states. Solid lines (dashed) are observation (transition) probabilities,
respectively. Indices for individual and time are removed to facilitate interpretation.
Fig. 2. Representation of the data augmentation. The augmented data is filled with
non-observed individuals (coded as 1) in the capture history. The covariates (inbreeding
coefficient and age) are sampled as pairs from observed individuals. The horizontal
red line represents the division between the true but not seen and the augmented
individuals.

the augmentation does not introduce any information into the model
(Kéry and Schaub, 2011). In this case, a certain number of unborn and
unseen individuals are added to the observed (𝑦 = 1) and hidden data
3

𝑖,𝑡
(𝑧𝑖,𝑡 = 1), the covariate information about age and inbreeding for non-
observed individuals are jointly sampled at random from observed part
of the data and their information is used to create the augmented data
set. We consider that not augmenting the covariates or augmenting the
covariates with missing values (NA) would easily lead to a biased esti-
mation. In contrast, our augmentation scheme makes the assumption
that the unobserved population follows the same distribution as the
observed one, as shown in Fig. 2. There is no correct answer of how
many individuals need to be added for data augmentation to work,
here, a fixed value of 600 individuals was used. It is possible to inspect
the posterior distribution of the population size to gain information
on this issue, given that a too small size of augmented data may lead
to underestimating the population size, while too large values will
increase unnecessarily computational time (see supplement material).

2.1.1. Survival probabilities
It is of interest to examine if the structure of the covariates have

an effect on the estimation of the population dynamics, specifically on
the population size, survival and entry probabilities. Therefore, three
different ways of treating the covariates of survival probability are
proposed and presented in Table 1. First, a model where no covariates
are used and a common parameter is applied for all individuals 𝑖,
this representation is the most simple model with the proposed states
and aims to work as a reference model. Second, a model where the
covariates age (age𝑖,𝑡) and inbreeding level (F𝑖) are modeled for indi-
vidual 𝑖 at generation 𝑡, common parameters are used for males (𝜙𝑚;𝑖,𝑡)
and females (𝜙𝑓 ;𝑖,𝑡). Third, a model where the covariates are scaled in
order to facilitate numerical sampling (Lesaffre and Lawson, 2012), this
transformation of the parameter will improve the mixing properties
of the MCMC, and needs a shorter MCMC sample to obtain better
estimates; this is carried out in following way age′𝑖,𝑡 = log(agei,t + 1) and
F′ = exp(F ), and different parameters are used to model the survival
𝑖 𝑖
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Table 1
Survival modeling.
No covariates

logit(𝜙𝑖) = 𝛽0
No scaling

logit(𝜙𝑓𝑦;𝑖,𝑡) = logit(𝜙𝑚𝑦;𝑖,𝑡) = 𝛽0 + 𝛽1F𝑖
logit(𝜙𝑓𝑎;𝑖,𝑡) = logit(𝜙𝑚𝑎;𝑖,𝑡) = 𝛽0 + 𝛽1F𝑖 + 𝛽2age𝑖,𝑡

Scaling
logit(𝜙𝑓𝑦;𝑖,𝑡) = 𝛽0;𝑓 + 𝛽1;𝑓F′𝑖
logit(𝜙𝑚𝑦;𝑖,𝑡) = 𝛽0;𝑚 + 𝛽1;𝑚F′𝑖
logit(𝜙𝑓𝑎;𝑖,𝑡) = 𝛼0;𝑓 + 𝛼1;𝑓F′𝑖 + 𝛼2;𝑓 age′𝑖,𝑡
logit(𝜙𝑚𝑎;𝑖,𝑡) = 𝛼0;𝑚 + 𝛼1;𝑚F′𝑖 + 𝛼2;𝑚age′𝑖,𝑡

Three different cases are proposed to model the survival probability of males and
females: (i) No covariates, (ii) No scaling, and (iii) scaling.

probability of males and females. While working with wild individu-
als, the effect of sex(female/male) and age category(young/adult) are
important to consider, their modeling is often assumed to have an
additive or multiplicative effect over the survival probability. This is
a strong assumption, therefore relaxing this assumption and assigning
separate coefficients allows us to have a complete view of how the
model performs estimation over the survival function.

2.2. Model building

Consider a capture-recapture data set for M individuals, from which
𝑁 are observed (𝐘) and M−N are augmented (𝐘′), and in the matrix
𝐘̃ = [𝐘,𝐘′]′ = [𝐲1, 𝐲2,… , 𝐲N, 𝐲′N+1,… , 𝐲′M]′ each row provides infor-
mation of temporal observations of an individual for a window of a
study period T, where 𝐭 = {1, 2,… ,T} and 𝐲𝑖 = [𝑦𝑖,1, 𝑦𝑖,2,… , 𝑦𝑖,T]. Let
Z be an arrangement of possible hidden states for the M individuals,
in a similar way, 𝐙 = [𝐳1, 𝐳2,… , 𝐳N,… , 𝐳M]′ and 𝐳𝑖 = [𝑧𝑖,1, 𝑧𝑖,2,… , 𝑧𝑖,T].
Given a set of covariates 𝐗̃ = [𝐗,𝐗′]′ that are observed (𝐗) for the
first N individuals and augmented (𝐗′) for the reminding M−N, it is
assumed a direct influence on the survival of an individual, therefore
the observed values allows us to build part of the transition matrix
(𝜴). The posterior distribution of a Hidden Markov Model can be
represented in the following way:

P(𝐙,𝜴,𝜣,𝐗′
|𝐘,𝐗)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Posterior

∝ P(𝐘̃|𝐙,𝜣)
⏟⏞⏞⏟⏞⏞⏟
Likelihood

P(𝐙|𝜴) P(𝜣) P(𝜴|𝝋, 𝐗̃) P(𝝋|𝐗̃)P(𝐗′
|𝐗).

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Joint prior

(5)

Here, on the right hand side, the first term represents the complete like-
lihood (probability of observing a specific pattern 𝐘̃ given the hidden
states Z and emission matrix 𝜣), the second term is the relationship
between the life history of the individuals and the respective transitions
over time (probability of hidden states given the transition matrix 𝜴),
thirdly the given prior distribution for the emission matrix (𝜣) and
the remaining terms are the prior distributions needed it to build the
transition matrix, where 𝝋 = {𝐒,𝝓, 𝛿, 𝜖} is the joint distribution of the
entry probabilities (S), survival coefficients (𝝓), with their variance as a
hyperparameter (𝛿) and smoothing variance as another hyperparameter
(𝜖).

We can now give more detail. Let 𝐩𝑖,𝑡 be an arrangement of obser-
vation probabilities for individual 𝑖 at time 𝑡. It is possible to construct
the prior contribution of a single individual to the observation matrix
P(𝜣𝑖) =

∏T
𝐭=1 P(𝐩𝑖,𝑡) and expand the observed contribution to the

likelihood across all time points for a single individual 𝑖 to:

P(𝐲𝑖|𝐳𝑖, 𝛩𝑖) =
T
∏

𝐭=1
P(𝑦𝑖,𝑡|𝑧𝑖,𝑡,𝜣𝑖,𝑡). (6)

Considering the set of covariates from the observed and augmented
data 𝐗 that can be individual specific, such as inbreeding level and age
(in temporal scale), it is possible to model the survival probabilities of
4

the transition matrix (𝜴) for a given individual 𝑖 at time 𝑡 using GLM t
with a logit link function, logit(𝝓𝑖,𝑡) = 𝐗𝜷. A hyperprior (𝛿) is used to
allow sharing of information between the coefficients 𝜷. That is, in their
prior distributions, 𝜷’s are realizations of a common distribution with
unknown (estimated) variance 𝛿.

The probabilities of any individual to enter the system, or entry
probabilities, at a given time 𝑡 are governed by a set of variables 𝐒𝑡 =
[𝑠1,𝑡,… , 𝑠5,𝑡], where ∑5

𝑗=1 𝑠𝑗,𝑡 = 1. The smooth process is controlled by a
random walk prior logit(𝑠1,𝑡+1) ∼ N(𝜂𝑡, 1), where 𝜂𝑡 = logit−1(𝑠1,𝑡). Given
this, the reminder probabilities are estimated, 𝑠2∶5,𝑡 ∼ 𝐷𝑖𝑟(1, 1, 1, 1), and
caled each them by a factor (1 − 𝑠1,𝑡) so that they jointly sum up to
ne.

Now it is possible to factorize the prior distribution of the hidden
tates by considering all possible generations of a single individual 𝑖,
here on the first occasion the contribution is taken at random:

(𝐳𝑖|𝜴𝑖) = P(𝑧𝑖,1)
T
∏

𝐭=2
P(𝑧𝑖,𝑡|𝑧𝑖,𝑡−1, 𝛺𝑖,𝑡). (7)

imilarly, the prior contribution of the transition matrix is decomposed
etween the parameters that allow estimating the survival probability.
n this case, they are the covariates X and the group of other required
arameters 𝝋, in the following way:

(𝜴|𝝋, 𝐗̃) = P(𝛺𝑖,1|𝜑1, 𝐗̃)
T
∏

𝐭=2
P(𝛺𝑖,𝑡|𝜑𝑡, 𝐗̃). (8)

ere the prior distribution of 𝝋 is:

P(𝝋|𝐗̃) = P(𝐒,𝝓, 𝜖, 𝛿|𝐗̃) =

(𝑠1,1|𝜖)P(𝜖)P(𝑠2∶5,1|𝑠1,1)P(𝝓𝑖,1|𝐗̃, 𝛿)
T
∏

𝑡=2
P(𝑠1,𝑡|𝑠1,𝑡−1)P(𝑠2∶5,𝑡|𝑠1,𝑡)P(𝝓𝑖,𝑡|𝐗̃, 𝛿).

(9)

he last step on building the joint prior is to write the dependency
f the augmented and observed set of covariates P(𝐗′

|𝐗), which is
escribed on more detail in Section 2.1.

Finally, considering the contribution across all (observed and aug-
ented) individuals, allows us to write the complete data likelihood of

he proposed model as:

(𝐘̃|𝐙,𝜣) ∝
N
∏

𝑖=1
P(𝐲𝑖|𝐳𝑖,𝜣𝑖)

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
Observed

⋅
M
∏

j=N+1
P(𝐲′𝑗 |𝐳𝑗 ,𝜣𝑗 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Augmented

. (10)

ote that in Eq. (10) we assume that individuals are conditionally
ndependent given 𝐙 and 𝜣. This is a typical assumption in Hidden
arkov Models. A graphical representation of the model is presented

n Fig. 3.
A benefit of the Bayesian framework is that in addition to obtaining

osterior distributions for all the model parameters, we can obtain
osterior distributions for all their deterministic functions. In this case,
he number of individuals does not belong to the set of parameters,
ut we can still obtain its posterior distribution as a direct function
f the model parameters. This can be calculated from the MCMC
hain simply by monitoring the function that estimates the number
f individuals that exist outside the unborn state at every generation,
s follows N(𝑡) =

∑𝑀
𝑖=1 𝟏{𝑍𝑖,𝑡>1

⋂

𝑍𝑖,𝑡<6}, where 𝟏{𝑍𝑖,𝑡>1
⋂

𝑍𝑖,𝑡<6} is an
ndicator variable which equals one if the 𝑖th individual is alive, and is
ero otherwise.

Samples from the target posterior distribution are generated via
arkov Chain Monte Carlo (MCMC) simulation methods using a soft-
are package called Numerical Inference for statistical Models for
ayesian and Likelihood Estimation (NIMBLE) (de Valpine et al., 2017)

n R (R Core Team, 2021). Descriptions of used prior distributions
re collected in Table 2, where the truncated beta distribution for the
bservation probability ensures that there are observations at every

ime point, avoiding sampling of low values.
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Fig. 3. Model representation. Gray block represents observed data, white oval
represents hidden parameter of the model. Solid arrows indicate statistical dependency
and dotted arrow a functional relationship.

Table 2
Prior specification for key parameters.

Parameter Prior distribution Informativeness

Survival coefficient 𝝓 N(0, 10) Weak
Observation probability 𝐩𝑖,𝑡 TBeta(10, 10)a Slight
Hyperpriorb 𝛿 Gamma(2, 2) Weak
Regression parameters 𝜷 N(0, 𝛿) Weak
Transition from unborn 𝑆2∶5,𝑡 Dir(1, 1, 1, 1) Weak

a Truncated Beta on interval (0.2, 1].
b Used in no covariates and no scaling model.

2.3. Simulation of test scenarios

The simulation framework builds upon Abadi et al. (2010), incorpo-
rating adjustments to account for age and inbreeding when calculating
survival probabilities and the number of offsprings. It is important to
note that the simulated population does not intend to accurately mirror
any particular real-world species due to the inherent complexity of
actual interactions in nature. Both female and male individuals are
simultaneously simulated, a single generation time is defined as a
complete iteration through the three procedural steps, and after one
generation, young ones are marked as adults. as follows:

Step 1. Immigration: The number of new females and males that enter
the population is defined as a Poisson random variable with a
constant mean across all the simulations. New individuals are
unrelated to individuals already in the population.

Step 2. Reproduction: The simulation allows each male to reproduce
with multiple females. The mating pair selection is made at
random and only occurs between adults. Once an assignment is
made, the number of offspring to enter the system as young fol-
lows a Poisson distribution where the mean is a function of age
and inbreeding of the male and female pair, the higher the age
or inbreeding coefficient, the fewer offspring will be produced. A
new inbreeding coefficient is calculated from pedigree data using
the tabular method, taking into account the coancestry between
simulated individuals (Caballero, 2020).

Step 3. Survival: Survival probability of individual 𝑖 at generation 𝑡
of females (𝜙𝑓 ) and males (𝜙𝑚) is modeled with a generalized
linear model (GLM) and using the inbreeding coefficient (F𝑖) and
age (age𝑖,𝑡) as covariates. High values of age or inbreeding will
reduce survival probability.

Fig. 4 presents a graphical representation of the simulation and
sampling procedure.
5

Table 3
Initial conditions and parameter specifications for the simulations.

(a) Initial conditions for both scenarios

Number of females 15
Number of males 15
Immigration rate Poisson(0.2)
Initial inbreeding Beta(5, 5)
Immigrants’ inbreeding Beta(1, 6)

(b) Coefficient of the survival probability for both scenarios

Decline Bottleneck
Intercept 7 8
Inbreeding −0.2 −3
Age −2.2 −4

(c) Coefficient of the reproduction function for both scenarios

Female Male
Intercept 2 2
Inbreeding −0.8 −0.9
Age −0.4 −0.6

2.3.1. Simulated scenarios
Two different scenarios are proposed by changing the effects of the

survival function. The initial values of the parameters of each scenario
are given in Table 3. Both scenarios aim to represent small populations
close to extinction, at a stage where inbreeding plays a significant
role in an extinction vortex, where decreased genetic diversity and
increased inbreeding cause an inbreeding depression that together with
demographic stochasticity and genetic drift lead to decreased fitness via
decreased survival and reproduction, further decreasing population size
(Caughley, 1994). First, the Decline population scenario had a survival
function with more weight on the effect of age than of inbreeding
and 52 generations were simulated. Second, the Bottleneck population
scenario had age and inbreeding with similar effects, and 8 individuals
were manually added at generations 42 and 43 to avoid extinction
and 60 generations were simulated. Initial inbreeding parameters were
sampled randomly from a proposed distribution. The immigration rate
is the same for both scenarios.

Fig. 5 presents the evolution of the population size and inbreeding
coefficient of the simulation, we use individuals from generations 33
to 52 as our final data set since it presents the population pattern that
are of interest while allowing the simulated inbreeding level of each
individual to be the outcome of an interaction, discarding the initial
random values that are given at the start of the simulation, working as
a ‘‘burn-in’’ period. Once all individuals are simulated, 50 data sets are
built for three different levels of data seen at 40%, 60%, and 80%.

2.3.2. Model assessment
From each simulated scenario, 50 replicated data sets were built cor-

responding to different levels of observation. The size of the observed
data was variable since sampling occurs at random. The goal of the data
replicates is to inspect the stability of the posterior distributions, avoid
finding results by chance, check how often the posterior mean will
deviate from the true trend, and to monitor the posterior convergence.
Every data set was analyzed under the same model characteristics.

Deviation of the posterior mean compared to the true simulated
value of population size can be captured by estimating the mean square
error (MSE). The calculation takes the average across all MCMC chains
(n) of the replicates. Comparing the square difference between the true
simulated value ̂𝑁(𝑡) of population size with the posterior mean ( ̄𝑁𝑖(𝑡))
at each generation (t), creating a time series of errors, low values of
MSE reflect a better estimates.

MSE(t) = 1
𝑛
∑

(

̄𝑁𝑖(𝑡) − ̂𝑁(𝑡)
)2

. (11)

𝑛 𝑖=1
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Fig. 4. Simulation and sampling. The simulation process combines information from genealogy, survival, and reproduction on an open population. Sampling process uses life
stages of individuals and sampling probabilities to recreate capture-recapture data, this process is replicated 50 times to produce simulated data replicates.
3. Results

The proposed model is used to estimate population size, effect of
covariates on survival and entry probabilities. The model is used over
two scenarios (Decline and Bottleneck) with different levels of data
seen (40%, 60%, 80%) and treatment of covariates (scaling and no
scaling). Additionally a model with no covariates and observation of
data of 80% is used as a reference in both scenarios. Models without
the smoothing term were tested, but the results converged to non-ideal
posterior distribution. Three separate chains with different random
initial values were run for each replicated data set, each with 70
000 MCMC dependent samples (thinned by a factor of 5), including
50 000 MCMC samples for a burn-in period, leaving 4 000 effective
MCMC samples. Default MCMC algorithms assigned by NIMBLE are
used for most of the nodes, with the exception of the coefficients for
the survival function (𝛽) which use an Automated Factor Slice Sampler
(AFSS) (Tibbits et al., 2014) to reduce the auto-correlation among the
MCMC samples and improve the mixing of the chains. Convergence
of the MCMC simulation was ensured via visual inspection of the
MCMC chains for many different parameters, Effective Sample Size is
an approximate number of independent samples which could reach the
same estimation accuracy as our generated MCMC samples (Robert and
Casella, 2010), which values for some parameters are presented in the
supplementary materials. The models were run at the Finnish Center
for Scientific Computing (CSC) using the high-performance computer
Puhti and it took about 20 h of CPU time per chain.

3.1. Estimation of population size

The behavior of three estimated time series for different scenarios
(no covariates, no-scaling, scaling) and observation levels (40%, 60%
and 80%) are presented in Figs. 6–8. The posterior distributions of the
population sizes at each generation were summarized by the posterior
means calculated over chains and the credible intervals estimated
6

Fig. 5. Simulated population scenarios. Total population size for Decline (Bottle-
neck) population scenario on the top (bottom) panel, respectively. The x-axis represents
simulated generation, and y-axis population size, color and size of the circles represent
the mean and standard deviation of the inbreeding coefficient at each time point across
all alive individuals. The shaded area defines the study generations, where the data is
collected between generations 33 to 52.

across all replicates from a concatenated chain. Using no covariates,
Fig. 6, presents over-estimated values at the first two generations,
across all the replicates in both scenarios. In the case of no scaling, there
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Fig. 6. Population size posterior estimates over time, no covariates case: Left (Right) panel presents the scenario: Bottleneck (Decline) population, with a 80% of data seen.
Comparison between the true simulated value (blue) and the posterior mean estimate for every MC chain in each replicate (gray), an average posterior across the 50 replicates of
the upper and lower 95% credible intervals are presented by the red dashed lines.
Fig. 7. Population size posterior estimates over time, no scaling of covariates case: Left (Right) panel presents the scenario: Bottleneck (Decline) population, with a 40%,
60% and 80% of data seen from top to bottom, respectively. Comparison between the true simulated value (blue) and the posterior mean estimate for every MC chain in each
replicate (gray), an average posterior across the 50 replicates of the upper and lower 95% credible intervals are presented by the red dashed lines.
is also an over-estimation that decreases as the observation level of data
increases (Fig. 7). The Decline population presents 5% of the chains
converging to a non-ideal posterior distribution. Finally, scaling the
covariates results in over-estimation in the first generation at different
observation levels of the Bottleneck scenario while the Decline scenario
has less variability across all the replicates along the level of data seen
(Fig. 8).

MSE was calculated across the 50 replicates between the posterior
means and the true simulated population sizes at each generation.
Logarithmic transformation was used to facilitate interpretation. Fig. 9,
top row, presents the results of the two scenarios across different
models, with the highest error occurring at the beginning of the study.
In the Decline scenario, the model with no covariates provided the
most accurate results (the lowest MSE), it is possible that the models
that used covariates are not strong enough to capture the complexity
7

of the data, making the simpler model a better option. All models
performed equally well for the Bottleneck population scenario. In both
cases, the first two time points presented the highest deviation from
data. Examining various levels of data seen enables us to see their
effect on the uncertainty present in the posterior distributions. Fig. 9,
bottom row, presents the average standard deviations of each replicate,
in both scenarios, a larger levels of data seen reduced the variability,
as expected.

3.2. Posterior estimation of survival probability

Posterior means are collected across all the replicates for effects
of inbreeding and of age on the survival probability and they are
presented in Fig. 10. In Decline scenario, when no scaling is applied,
the effect of inbreeding is difficult to estimate accurately with 40%
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Fig. 8. Population size posterior estimates over time, scaling of covariates case: Left (Right) panel presents the scenario: Bottleneck (Decline) population, with a 40%, 60%
and 80% of data seen from top to bottom, respectively. Comparison between the true simulated value (blue) and the posterior mean estimate for every MC chain in each replicate
(gray), an average posterior across the 50 replicates of the upper and lower 95% credible intervals are presented by the red dashed lines.

Fig. 9. Mean Square Error (MSE): Top (bottom) row present the Log average (standard deviation) difference between the estimated posterior mean value with the true simulated
population size, across all the replicates over generations. Left (Right) column presents the Decline (Bottleneck) population scenario, respectively. Three cases for modeling the
survival probabilities: scaling of covariates, no scaling of covariates and no covariates are shown with colors: red, blue, and green; where the type of lines refers to different levels
of data seen being 40% (dotted), 60% (dashed), and 80% (solid lines), respectively.
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Fig. 10. Distribution of the 50 posterior means of the survival regression coefficient on the Decline scenario. Top (bottom) row is used for the no scaling (scaling) scheme.
Left (Right) panel presents information of inbreeding (age), respectively. The sample probability is represented by colors red, green, and blue corresponding to samples observed
at 40, 60 and, 80% respectively. For the model with no scaling of the covariates, the true simulated value is presented with the black dotted vertical line.
level of data seen given that the estimated posterior means do not
move from the given priors, one reason being the lack of data. On
the other hand, when observation level of either 60% or 80% is used,
the posterior values seem to move away from their true simulated
values. The estimated effect of the covariate age is close to the true
simulated value when observation levels are over 40%. On the other
hand, when the covariates are scaled, the level of data seen of 40%
results in estimates close to zero, and effects become easier to estimate
at 80% observation level.

For the Bottleneck scenario in Fig. 11, no scaling of the covariates
finds an effect when observation levels is 80%, while in the case of
scaling of the covariates, a bimodal posterior distributions are obtained
at all observation levels.

The average 95% credible intervals of the lower and upper bounds
are estimated across all replicates from a concatenated chain and
presented in Tables 4–9, in Appendix A. In all the cases, the model
finds it difficult to identify an effect of the covariates when the level
of data seen is 40%. The effect of inbreeding is identifiable in males
when the covariates are scaled and the data seen is 80%. In contrast,
the same effect is not found in females. In the case of no scaling, the
effect of age is easily identifiable for both males and females.

For no scaling of covariates, the posterior estimates (Tables 5 and
8 in the Appendix A) are compared with the true values used in
the simulation (Table 3(b)). For both scenarios, the posterior mean
estimates of the age coefficient are closer to the true values when the
level of data seen increases (Fig. 8). For the regression coefficient of
inbreeding, the posterior mean is closer to the simulated value when
the effect of inbreeding is large (Bottleneck scenario). The posterior
credible intervals seem to behave as expected so that they become
wider when the observation level decreases.
9

3.3. Posterior estimation of the entry probabilities

The estimated posterior probability of staying outside the system
across the study generations (𝑠1,𝑡), namely, no entry probability, is
averaged over the 50 replicates and presented in Fig. 12. Decline
population shows a positive trend when there are no covariates or
the covariates are scaled, while the no scaling case presents a small
decrease over time. The results are consistent at different levels of data
seen. In the Bottleneck scenario, the probability declines across the
study generations. Remaining probabilities (𝑠2∶5,𝑡) are presented in the
Appendix A, Figs. 13 and 14. In both scenarios, posterior probability
estimates for entering as an adult (𝑠3,𝑡 and 𝑠5,𝑡) are close to zero and
have small variations across the different study generations.

4. Discussion

The well-known connection between population decline, high levels
of inbreeding, deleterious mutations, and inbreeding depression has
been discussed and examined for decades and still is observed (Hedrick
et al. 2019; Kyriazis et al.; 2021 Robinson et al. 2023; among others).
To learn more about this connection, we studied a method that includes
the inbreeding coefficient as an explanatory variable to model the
survival probability of a small simulated population. Our approach aims
to measure the effect that the different levels of inbreeding have on
individuals and if this could improve the accuracy of the population size
predictions. The presented joint model framework allows the MCMC
sampling to consider the whole posterior distribution of the parameters,
where information is summarized. In the future, the presented method

could be implemented on real conservation data and may help in the
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Fig. 11. Distribution of the 50 posterior means of the survival regression coefficient on the Bottleneck scenario. Top (bottom) row is used for the no scaling (scaling)
scheme. Left (Right) panel presents information of inbreeding (age), respectively. The sample probability is represented by colors red, green, and blue corresponding to different
levels of data seen at 40, 60 and, 80% respectively. For the model with no scaling of the covariates, the true simulated value is presented with the black dotted vertical line.
Fig. 12. No entry probability (𝑠1,𝑡): Averaged posterior probability of no entry across all the replicates. Left (Right) column represent the Decline (Bottleneck) scenario, respectively.
Three cases for modeling the survival probabilities: scaling, no scaling and no covariates are shown with colors: red, blue, and green; where the type of lines refers to different
levels of data seen being 40% (dotted), 60% (dashed), and 80% (solid lines), respectively.
decision-making process for the management of small populations. This
can be done by obtaining capture-recapture data at an individual level
and the covariates that are of interest. The individual inbreeding levels
needed for the model can be acquired from pedigrees or genomic data.

Even if the number of parameters in our model was large and their
dependence structure was complex, we did not find large problems
in estimating posterior distributions for population size time series, in
contrast to Newman et al. (2022). Here, it was possible to see that under
different approaches to model the survival probability (no covariates,
no scaling, and scaling of covariates) and different levels of data seen
(40%, 60%, and 80%), the model is consistent with the location of
the population size time series and trend. However, a high number
of sample individuals brought less variability in the posterior distribu-
tions. It is possible that the identified overestimation in the number of
10
alive individuals may be due to the small population size, but further
research is needed, several approaches such as having a longer time
series, observing more individuals, or introducing informative priors to
some parameters may help on obtaining more accurate estimates. On
the other hand, estimation of the survival parameters is challenging for
more complex models, especially with a small observation level.

Estimating suitable posterior distributions for modeling transition
probabilities is a big challenge for this framework, and care must be
taken in the interpretation of the parameters. Here, the most accurate
parameter estimation was easier to find when the covariates were not
scale, the model was not over-parameterized and the observation level
was large. A more complex model can bring identifiability issues in
the estimation, as seen in the bi-modality of the posterior distribution
in Figs. 10 and 11. We found consistency in our results and results
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of Gimenez et al. (2009), where a CJS model was used to study
how parameter redundancy produces low precision estimates. A more
detailed analysis of over-parameterization can be found in Cole (2020).
Parameter estimation over a transitional state, such as young individ-
uals, is poorly estimated, possibly because there is a lack of observed
individuals to have a meaningful impact on the posterior distribution.

Misspecification of the probability of staying outside of the system,
no entry probability, may lead to a wrong interpretation of the overall
behavior of the population. In both simulated scenarios the population
is close to extinction and it will be expected for 𝑠1,𝑡 to have a positive
trend, indicating a decrease in the rate of individuals entering the
system as time progresses. This behavior is exclusively observed in the
Decline scenario when the covariates are scaled.

Data augmentation was found to perform well in controlling for
unseen individuals. In the presence of covariates, the augmentation
has to be performed also over them. Here it is natural to assume that
covariates of non-seen and seen individuals come from the same dis-
tribution. Multiple approaches were tested (results not shown), where
augmentation was performed with NA values, zero values, or ignored
during the MCMC, all leading to poor posterior estimates. Then, by
sampling non-observed covariates jointly from the observed popula-
tion, one can ensure that the augmentation is not inducing any bias
and MCMC will converge more easily. Also, by assuming neighboring
entry probabilities to be close to each other (i.e., to be smooth over
generations), we were able to improve identifiability of the posterior
estimates of the population size. This avoided sudden jumps in the
process and gave the model stability, since the entry probability at
generation 𝑡 + 1 depends on 𝑡, allowing the model to borrow strength
from adjacent generations, while extending the modeling to a real life
application, it could be useful to reduce the computational time and
try different approaches such as Approximate Bayesian Computation
(Beaumont, 2010; Baey et al., 2023).

Several extensions can be implemented on the model. One that
can be relevant for the parameter estimation is to use time-to-event
data to model the survival probabilities (Ergon et al., 2018). This
framework would bring a more straightforward interpretation of the
parameters, correctly handling censoring in data that can exist as
migration or an unseen dead, and may be able to reduce the bias on
the estimation of the survival coefficients. Another relevant extension
would be to allow the model to use continuous time points, which may
help to obtain more information in order to have a better estimability
of the parameters. Thirdly, it will be of interest to model the entry
probabilities as a function of different covariates, which can be done
by using multinomial logit models. Finally, it is possible to extend the
model, allowing for the observation of a dead state and studying the
true survival of the individuals, in this case, the structure of the model
needs to be adjusted creating a new hidden state that holds information
about the ‘‘recently dead’’, that is transitory to a ‘‘dead’’ state. This new
hidden state can emit ‘‘not seen’’ or ‘‘recover’’ with certain probabilities.
Overall, this research underscores the need for continued innovation
and refinement of statistical models to improve our understanding and
management of complex ecological systems.
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Table 4
Mean estimate and credible interval in the Decline scenario, scaling: mean, lower and
upper 95% credible interval calculated across a concatenate chain of the 50 replicates.
Boldface values are credible intervals that do not contain the value zero.

40% 60% 80%

𝛼0;𝑓 1.48(−4.46;11.80) 5.33(−4.06;13.01) 10.35(6.13;14.41)
𝛼1;𝑓 0.80(−2.29;5.10) 2.04(−1.13;5.93) 2.82(−0.02;5.85)
𝛼2;𝑓 −1.56(−8.68;1.26) −4.63(−9.64;1.25) −8.13(−10.31;−6.10)
𝛼0;𝑚 5.63(−3.47;12.14) 9.07(−2.60;14.01) 11.00(7.11;14.90)
𝛼1;𝑚 3.09(−1.24;7.87) 3.48(−0.04;7.29) 3.42(0.58;6.62)
𝛼2;𝑚 −5.53(−9.86;1.06) −7.71(−10.61;0.97) −8.74(−10.90;−6.79)
𝛽0;𝑓 1.92(−3.15;7.28) 1.51(−2.76;6.74) 1.47(−2.76;5.99)
𝛽1;𝑓 2.10(−2.73;7.32) 0.80(−3.51;6.80) 0.13(−3.55;5.21)
𝛽0;𝑚 2.15(−2.96;7.44) 2.22(−2.91;7.54) 2.10(−3.04;7.37)
𝛽1;𝑚 2.20(−2.78;7.41) 2.41(−2.51;7.55) 2.19(−2.56;7.37)

Table 5
Mean estimate and credible interval in the Decline scenario, no scaling: mean, lower
and upper 95% credible interval calculated across a concatenate chain of the 50
replicates. Boldface values are credible intervals that do not contain the value zero.

40% 60% 80%

𝛽0 6.27(1.07;14.79) 10.75(7.47;15.47) 10.40(7.87;13.69)
𝛽1 0.20(−4.16;4.85) 1.22(−3.47;5.72) 1.60(−2.07;5.21)
𝛽2 −1.41(−3.26;−0.27) −2.41(−3.41;−1.71) −2.34(−3.03;−1.81)

Table 6
Mean estimate and credible interval in the Decline scenario, no covariates: mean,
lower and upper 95% credible interval calculated across a concatenate chain of the
50 replicates. Boldface values are credible intervals that do not contain the value
zero.

80%

𝛽0 0.65(0.50;0.80)

Data availability

Code and data for the simulation and analysis are available in:
https://etsin.fairdata.fi/.
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Appendix A
Posterior estimation of the survival probability

Average posterior mean, low and high credible intervals for a
concatenated chain across all the replicates

Posterior estimation of the entry probabilities

See Figs. 13 and 14.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ecolmodel.2024.110662.
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Fig. 13. Entry probability (𝑠2∶5,𝑡) Decline scenario: Average posterior mean of the possible entry probabilities across all the replicates. Top (Bottom) row represent entry
probability as Female (Male) and left (right) column represent entry probability as Young (Adult). Three cases for modeling the survival probabilities: scaling, no scaling and no
covariates are shown with colors: red, blue, and green; where the type of lines refers to the different levels of data seen, being 40% (dotted), 60% (dashed), and 80% (solid lines),

respectively.
Fig. 14. Entry probability (𝑠2∶5,𝑡) Bottleneck scenario: Average posterior mean of the possible entry probabilities across all the replicates. Top (Bottom) row represent entry
probability as Female (Male) and left (right) column represent entry probability as Young (Adult). Three cases for modeling the survival probabilities: scaling, no scaling and no
covariates are shown with colors: red, blue, and green; where the type of lines refers to the different levels of data seen, being 40% (dotted), 60% (dashed), and 80% (solid lines),

respectively.
Table 7
Mean estimate and credible interval in the Bottleneck scenario, scaling: mean, lower and
upper 95% credible interval calculated across a concatenate chain of the 50 replicates.
Boldface values are credible intervals that do not contain the value zero.

40% 60% 80%

𝛼0;𝑓 2.48(−3.61;10.54) 3.78(−2.27;12.18) 2.92(−2.16;12.87)
𝛼1;𝑓 −0.26(−4.34;4.75) −0.52(−4.03;4.19) −1.12(−4.15;3.63)
𝛼2;𝑓 −1.84(−8.41;1.61) −2.30(−8.96;1.56) −1.24(−9.34;1.70)
𝛼0;𝑚 3.34(−4.29;10.54) 3.69(−3.94;11.38) 6.54(−3.29;13.46)
𝛼1;𝑚 1.17(−2.92;5.44) 1.36(−2.26;5.46) 1.43(−1.92;4.89)
𝛼2;𝑚 −3.36(−8.68;1.47) −3.60(−9.23;1.46) −5.38(−10.21;1.53)
𝛽0;𝑓 2.10(−2.86;7.28) 2.61(−2.34;7.78) 2.86(−2.08;8.00)
𝛽1;𝑓 1.84(−3.21;7.20) 2.79(−1.92;7.81) 3.15(−1.46;8.07)
𝛽0;𝑚 1.73(−3.35;7.11) 2.43(−2.60;7.70) 2.72(−2.31;7.93)
𝛽1;𝑚 2.00(−2.59;7.13) 2.82(−1.71;7.76) 3.17(−1.32;8.04)
12
Table 8
Mean estimate and credible interval in the Bottleneck scenario, no scaling: mean,
lower and upper 95% credible interval calculated across a concatenate chain of the
50 replicates. Boldface values are credible intervals that do not contain the value
zero.

40% 60% 80%

𝛽0 0.40(−0.16;1.03) 3.77(0.79;16.34) 14.81(8.73;23.58)
𝛽1 0.16(−1.44;1.84) −0.79(−6.32;1.57) −3.69(−8.57;0.63)
𝛽2 −0.25(−0.40;−0.11) −1.04(−4.21;−0.28) −3.83(−6.01;−2.30)
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Table 9
Mean estimate and credible interval in the Bottleneck scenario, No covariates: mean,
lower and upper 95% credible interval calculated across a concatenate chain of the 50
replicates. Boldface values are credible intervals that do not contain the value zero.

80%

𝛽0 0.28(0.09;0.46)
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