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With model-assisted (MA) estimation, remote sensing (RS) has provided auxiliary modeling data to enhance
precision in estimators of forest parameters for continuous forest monitoring as mandated by various official
reporting instruments. However, model-assisted estimation is largely reliant on a sample resulting from costly
field surveys to meet the precision standard mandated by these instruments. While a large sample is more likely
to represent the population in question and ensure meeting the prescribed precision, it is crucial to reduce costs
by finding a balance between precision and sample size. Consequently, this study aims to (1) develop and
demonstrate estimation using Copulas modeling; (2) propose a sample size optimization procedure for MA es-
timators in the context of continuous forest monitoring; and (3) compare survey precisions of the estimators
using Copulas and Weighted Least Squares regression (WLS) as a function of sample sizes. Four main conclusions
are relevant: for both Burkina Faso (BF) and Genhe (GH) study area, (1) Copulas outperforms WLS in modeling
and prediction, both in terms of mean values and maximum/minimum values; (2) Copulas consistently dem-
onstrates superior performance and precision across varying sample sizes compared to the WLS with MA esti-
mators; (3) a straightforward sample size optimization approach reveals that variance estimates of Copulas
remain lower than those of WLS as the sample size decreases in monitoring surveys; (4) Copulas requires about
20% smaller sample size than WLS does when achieving a specified precision, suggesting enhanced efficiency.
Overall, Copulas appears promising to satisfy the precision, cost-efficiency, and flexibility requirements of
monitoring surveys, particularly in situations involving small sample sizes.

1. Introduction with adequate precision, categorized as design-based inference

(Gregoire, 1998; Tomppo et al., 2010). With the development of remote

Annual estimates for forestry and ecological indicators are essential
for monitoring changes in forest resources, the sustainability of forest
management, and forest carbon emissions and sinks as mandated by
intergovernmental organizations and processes, including the United
Nations Framework Convention on Climate Change (UNFCCC).

Traditional large-scale inventory programs usually utilize field sur-
veys employing probabilistic sampling designs to facilitate estimators
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sense (RS) technology, National Forest Inventory (NFI) in many coun-
tries have combined expensive field plot data with remotely sensed in-
formation to enhance precision in estimators of forest parameters,
categorized as model-based inference (Stahl et al., 2011). The core issue
in forest monitoring is thus determining and optimizing sample size to
reduce costs while meeting the specified precision requirements.
Model-assisted estimators can serve as an adequate option for small
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sample size scenarios. The main difference between design-based and
model-based inferences is the reliance on the probability sample and
model (Stahl et al., 2016). Design-based inference relies on large sample
sizes for adequate precision (Cochran, 1977; Sarndal et al., 1992).
Compared to design-based inference, model-based inference can offer a
higher level of precision with the same sample size. Considering the
above two inferences, model-assisted approach integrates models to
enhance the efficiency of estimation, also maintaining approximate
unbiasedness (Breidt and Opsomer, 2017). While model-assisted esti-
mation holds the potential to mitigate small sample problems (Faber and
Fonseca, 2014; McRoberts et al., 2013), the selection of independent
variables and the validity of the construction model can become ob-
stacles. Subject to the selection of independent variables from the
remote sensing auxiliary, better statistical or modeling approaches need
to be attempted to improve precision on a sample basis. Data assimila-
tion is also a viable option for improving prediction or estimation,
including a broad category of mathematical procedures that refine
existing parameter estimates to more accurately gauge the condition of a
system by integrating data from various sources (Ehlers et al., 2013; Hou
et al., 2023, 2021, 2019; Kangas et al., 2020; Mohamedou et al., 2022;
Xu et al., 2023). However, meeting its high-quality requirements for
numerical models and observing data may pose challenges.

Optimizing sample size is an essential procedure for both baseline
and monitoring surveys. Considering model-assisted estimators (Sarndal
et al., 1992), it is preferable to provide fewer sample plots to establish
models at a specified precision of NFI, thereby lowering cost. However,
reduced sample sizes might pose a risk of failing to meet precision
criteria because a large sample mitigates the adverse effects of under-
fitting with regression the extreme values or outliers which may have a
greater ecological significance. Simple random sampling (SRS) is the
simplest and most straightforward method used as a benchmark when
assessing the effectiveness of estimation with auxiliary variables (Raty
etal., 2020). Given that model-based and model-assisted estimators lack
a standardized method for sample size calculation or utilize excessively
complex methods (Charles et al., 2009; Nedyalkova and Tille, 2008), it is
essential to develop an empirical formula for determining sample size
based on the simple random sampling (SRS) estimation from previous
surveys. This approach facilitates the optimization process (e.g., Frazer
et al., 2011; McRoberts et al., 2014), which should aim to strike a bal-
ance between reducing costs and ensuring that precision requirements
are met to yield reliable results.

Copula is a family of modeling and prediction procedures with
promising properties, such as mitigating small sample size problems,
outperforming regression in extrapolating maxima/minima, and so on.
Copula captures the correlation/joint distribution variables to constitute
the flexible modeling of complex dependencies even in larger di-
mensions (Bhatti and Do, 2019). First, copula provides a way to generate
a large set of data from a small one considering the same multivariate
distribution of the study variables (Houssou et al., 2022; Lin and Cha-
ganty, 2021). Many recent studies of forest inventory have generated
simulated populations through copula or Vine copula techniques
(Nelsen, 2006) to conduct the applicability of certain estimators (e.g.,
Ene et al., 2012; Kangas et al., 2016; McRoberts et al., 2022) under
design-based and model-based inference. Second, the capability of the
copula method to effectively handle two or multiple random variables
and its reduced susceptibility to collinearity issues (Kraus and Czado,
2017) make it a valuable choice for model prediction. For instance, Xu
et al. (2019) suggested that the copula model outperformed LOESS
model on prediction of ALS-based tree diameter at breast height (DBH).
For modeling purposes, copula enables both linear and nonlinear
dependence and accommodates extreme values (Kumar and Shoukri,
2007). Hence, utilizing copula theory to model will offer more effective
and accurate predictions.

Consequently, the objectives of this study are threefold: (1) to pro-
pose and demonstrate estimation with Copulas; (2) to propose a handy
procedure for sample size optimization in the context of continuous
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forest monitoring using model-assisted estimation; and (3) to compare
survey precisions resulting from using Copulas and regression modeling
as a function of sample sizes.

2. Materials
2.1. Field data

The study area of approximately 10,836 ha is located in Kou, Burkina
Faso with a fragmented landscape of dry savanna due to agricultural
land uses (11°41° ~11°47°N, 1'53° ~1°59°'W) (Fig. 1). The target
population with 120,756 elements was applied in this study. This study
assumes that the sample of 160 plots with 0.1 ha in size was selected by
simple random sampling, considered a viable and rational alternative to
two-stage sampling as detailed in Appendix A. The plot centers were
geo-referenced using Global Navigation Satellite System (GNSS) re-
ceivers that have a real-time accuracy of 60 cm from free corrections of
Satellite-Based Augmentation Systems supported by European Geosta-
tionary Navigation Overlay Service. Selection and field measurements
were conducted during the dry season between late November 2013 and
early February 2014. The relevant statistics for the sample plots are
shown in Table 1. The plot-level variable of interest (VOI) is firewood
volume (m?3/ha), aggregated from within-plot woody material that was
usable as fuelwood.

The another study area of approximately 632,100 ha is located in
Genhe Forest Area (50°25’ ~ 51°17°N, 120°41° ~ 122°42’E) in Greater
Khingan Mountains (Fig. 1), characterized by temperate deciduous
broad-leaved forest and coniferous and broad-leaved mixed forest. The
target population, size with 10,049,221 was applied in this study. The
sample of 97 plots of 0.06 ha was selected by systematic sampling, and
field measurements were conducted in June 2018. Plot centers were geo-
referenced using Real-Time Kinematic (RTK) high-precision positioning
technology based on GNSS receivers, with a precision level of 5-10 m.
The relevant statistics for the sample plots are shown in Table 1. The
plot-level variable of interest (VOI) is standing volume (m?®/ha).

2.2. Remotely sensed independent variables

The remotely sensed data for the Burkina Faso (BF) and Genhe (GH)
study area were provided by the Landsat 8 Operational Land Imager
(OLI) georeferenced to WGS84/UTM Zone 30 N and Sentinel-2 L2A
georeferenced to WGS84/UTM Zone 51 N, respectively, which were
collected during or close to the time of the field campaign. A single scene
for both datasets covered the entire study area. Landsat 8 OLI data with a
spatial resolution (or pixel size) of 30 m were Provisional Surface
Reflectance product obtained from the U.S. Geological Survey at no
charge. The Sentinel-2 L2A data were also acquired free of charge from
the European Space Agency, primarily consisting of atmospherically
corrected bottom-of-the-atmosphere reflectance data. The Sentinel-2
L2A image pixel size was resampled to 25 m using SNAP software to
match the information of sample plots, followed by pre-processing such
as band fusion, mosaicing, cropping, etc.

For the Landsat 8 and Sentinel-2 L2A dataset, remotely sensed in-
dependent variables were calculated from original spectral bands, such
as the first principal component (PCA), Enhanced Vegetation Index
(EVI), Soil Adjusted Vegetation Index (SAVI) and Haralick textures. The
R-package “rgdal” was used in data processing (Bivand et al., 2010).

3. Methods
3.1. Overview
The primary challenge in conducting monitoring surveys is opti-

mizing sample size for specific precision or cost requirements, which this
study sought to address by leveraging data from previous surveys,
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Target populations
A Genhe region in China (left) and Kou region in Burkina Faso (right)

Fig. 1. The target populations and the sample plots.
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Table 1
Sample statistics.
Study area Attributes Min Max Mean SD
Burkina Faso (BF)  Tree density(stems/ha) 10 1935 494 401
Mean diameters(cm) 6.4 40 15.2 8.5
Basal area(m?/ha) 0.2 16.1 5.6 3.6
Firewood volume(m®/ha) 0 29.1 6.6 6.2
Genhe Mean DBH(cm) 0 29.1 12.2 7.4
(GH) Mean height(m) 0 22.4 11.7 6.0
Mean age(a) 0 185 75 45
Standing volume(m?® /ha) 0 304.4 89.2 68.1

particularly the baseline survey. Assuming that the sample S of 160 or 97
plots is from either the first survey, i.e. the baseline survey, or the (n)th
survey in the monitoring survey, then the study context is the rela-
tionship between precision and sample size trade-offs for monitoring the
(n + 1th survey over different estimators, where the sample size de-
pends on the results of the (n)th survey. This study considered the
model-assisted (MA) estimators supported by two models, WLS and
Copulas, as well as the expansion estimator (Section 3.2.1), which is the
baseline of the sample size optimization. A flowchart for the study is

provided in Fig. 2, and the estimators considered above are listed in
Table 2.

3.1.1. Optimizing sample size with Monte Carlo simulation

During the optimization procedure of the sample size using expan-
sion estimators, the precision results of other different estimates and
sample sizes, calculated based on the baseline survey, are used to
develop linear/nonlinear models that could aid in determining sample
sizes of the subsequent monitoring surveys.

Prior to sampling, the design variance is usually considered to be the
one to use in calculating the sample size. After a particular sample has
been selected and data collected, the variance computed under a
reasonable model may be more appropriate for inference from that
particular sample (Valliant et al., 2018, p. 53).

Table 2

The two cases for expansion (SRS), WLS and Copulas estimators.
Case Estimator
Expansion estimator for simple random sampling (SRS) 7, Va\r(ﬁl)
Model-assisted estimator for WLS or Copulas model T2, VEr(ﬁz)

Baseline survey

T e _.( Determining sample

size

: L

SRS: simple

random sampling

Copulas: modeled

from R-vine copulas

(| 1
i+ WLS: alinear model |
i 1 with weighted least |
B square :

Design-based estimation

Model-assisted estimation

Comparing estimation efficiency and optimizing sample size
in monitoring surveys

Fig. 2. The flowchart for the study.
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Determining sample size gives a confidence interval of a specified
width, equivalently twice the maximum error of estimation (Ryan,
2013). Supposing the margin of error is d and the goal is to be within d of
the population mean y with probability 1 —a, this is,

Pr(ji —u|<d)=1-a @

this is equivalent to setting the half-width of a 100(1 —a)% two-sided
confidence interval (CI) to d = 21 42/ Var(i) = 21_q/2+/02/n,
assuming that i can be treated as being normally distributed, which is
shown in Fig. 3. The term 2;_,/ is the 100(1 —a) percentile of the
standard normal distribution.

Since the population size N is large relative to the sample size n, the
finite population correction factor can be ignored. Thus, a specified
maximum error of estimation, considering the margin of error d = d;,
Eq.(1) can be manipulated to give the required sample size, n,, as
Thompson (2012),

2%0?

ns = &2
s

@

where z indicates z,_,/3, and given the confidence level 1 -a = 95%,
z = 1.96; 62 is the population variance, which generally is unknown,

and was estimated using the designated sample variance, 62, introduced
in Section 3.2.1 of this study. From the formula of determining sample
size (Eq.(2)), subject to the specified maximum error of estimation, i.e.,
absolute error, the larger the margin of error d;, the fewer plots are
selected in the sample.

In addition, the Monte Carlo simulation with 1000 iterations was
performed in this study to evaluate and compare expansion and model-
assisted estimators under different sample sizes n, excluding n; € {160,
97}. It worked including four steps as Kalos and Whitlock (2008): (i)
define the sample S with n € {160, 97} size as the population of possible
inputs; (ii) generate the possible inputs with n; size through simple
random sampling across the population; (iii) calculate the population
mean and variance estimates, ji, and @(ﬁ[), t=1,2 as described in
Section 3.2, of the inputs obtained from the former step; (iv) aggregate
the mean of the mean and variance estimates over respective iterations.

— d—]

i, z\/o'z_/” i i, ZM

Fig. 3. The value of d, defined as the half-width of a 100(1 —a)% two-sided
confidence interval (CI).
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3.2. Inference and estimators

3.2.1. Expansion estimator

With the probability-based and design-unbiased, the expansion
estimator was the standard estimator defined from simple random
sampling (SRS) design. Then, iy and its variance, \//E“(ﬁl), were calcu-
lated as,

PN IR

Bi==> ¥ 3)
n i=1

and

— -n &

Var(i,) = .- (€]

where i indexes the n sample observations and y; is the observation for

the i population element selected for the sample; and &2 =

S (- ;71)2 /(n—1) is the sample variance. The finite-population

correction factor, (N —n)/N, has effect on reducing Va\r(ﬁl), but can
be omitted for populations that are large relative to the sample size.

3.2.2. Model-assisted estimators

Model-assisted estimators based on SRS design were incorporated
into the inference for comparison. With model-assisted estimators, an
initial estimator of the population parameter of interest, obtained by
predicting all population elements with f(X;;f), is adjusted for system-
atic deviations between the predicted and observed values in the sam-
ple. A superpopulation model, f(X;;$), one based on auxiliary data
obtained from remote sensing (Stahl et al., 2016). This model presumed
to represent the underlying relationship between the independent and
dependent variables takes the form,

Yi=fXi;8) + & (5)

where g indicates the model parameters; i indexes plots or population
elements; y; is the plot-level dependent variable; X; is a vector of plot-
level independent variables with realized values calculated using
Landsat 8 auxiliary data that are available wall-to-wall for the popula-
tion; and ¢; is a random residual term.

The model f(X;;#) in model-assisted estimation casts a role for
variance reduction but the inference itself is still probability-based for
ensuring approximate unbiasedness. Therefore, model-assisted estima-
tion is design-based with a distinguishing feature that approximately
design-unbiasedness is hold (Sarndal et al., 1992).

By simple random sample for the selection of sample S comprising of
n elements, the estimator of u takes the form,

PO IR AU | 6
fla=g D _Yit D e ©)

where ¢; =y; —¥;, and y; predicts y;. The first term in Eq. (6), %Zfi 1Yi» 18
the mean of the model predictions for all population elements, and the
second term, 13~ ce;, is an estimate of bias calculated over the sample
elements to compensates for systematic model prediction errors. As seen
in Sarndal et al. (1992) and Gregoire et al. (2016), an asymptotically
design-unbiased estimator of the variance of Ji, is,

— N-n &

Var(is) = bl )
2

where 35 = ies| €& — %Ziesel) /(n—1) is the residual variance. The

primary benefit of the model-assisted estimator is that it takes advantage
of the relationship between the sample observations and their model
predictions to reduce the variance of the population mean estimate. It is
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obvious from the above formula that the smaller the residual ¢; = y; —i,
the smaller the variance of the model-assisted estimator. This suggests
that the way to reduce the uncertainty of the model-assisted estimator is
to improve the model, thereby reducing the residuals (Hou et al., 2018).
Therefore, two modeling techniques, Copulas and WLS, are presented in
this study, as detailed in Section 3.3.

3.3. Modeling

As opposed to the conventional linear models, Copulas can capture a
nonlinear dependence structure, developed as a more effective form of
modeling using the R-vine copula. In this study, the chosen independent
variables of Copulas would match those of WLS in order to examine the
effectiveness and prediction accuracy of these two models.

For WLS modeling purpose, the selection of independent variables
was conducted using the “bootstrap stepAIC” procedure parsimoniously
from the extracted large set of Landsat 8 auxiliary variables, which in-
tegrates bootstrapping to assess the variability of stepwise model se-
lections based on the Akaike information criterion (AIC), available in the
R-package “bootStepAIC” (Rizopoulos, 2022).

3.3.1. Copulas modeling

Due to the flexibility and numerical applicability, vine copula is a
choice for modeling Copulas, which uses bivariate copulas as the basic
building blocks with vine structures to specify the dependence structure.

Copula is the function that joins or “‘copula” multivariate distribution
functions to their one-dimensional marginal distribution functions
(Nelsen, 2006). According the Sklar’s theorem, for a m random variables
X = {X1,Xy, -+, Xn} following a joint distribution F with the j* univar-
iate margin F;, the copula associated with F is a distribution function C :
[0,1]™"—[0,1] with U(0, 1) margins, that satisfies,

F(x) = C(F1(x1), -, Fm(%m) ) = C(uy, -+, Up),x € R™ (8)

with associated density  function  f(x) = c(Fy(x1), -,
Frn(Xm) ) @ f1(x1)-fm(xm), where c.f.f; separately denotes the density
function of C,F,F;,j = 1,---,m. Then, the function C is a bivariate copula
when the dimension m = 2, is also unique if F(x) is a continuous
m-variate cumulative distribution function (CDF).

Vine copulas, originally proposed by Bedford and Cooke (2001), are
hierarchical graphical models that decompose a high dimensional
copula function into multiple bivariate copula functions, known as pair
copulas (Aas et al., 2009), in the form of vines. Compared to the C-vine
and D-vine copulas, the R-vine copula offers more versatile dependence
structures without imposing constraints on edges in advance, allowing
for a more realistic depiction of dependence structures among multiple
variables (Yan et al., 2023; Zhang et al., 2014).

A formal definition of Regular vine (R-vine) is provided by Bedford
and Cooke (2002), with edges in the first tree representing pairwise

13@ 34@

1,5

(Ty)
(T3)
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dependence and edges in the following trees representing conditional
dependence. Here is an example of R-vine structure for m = 5 variables
shown in Fig. 4. Generally, a regular vine (R-vine) of m variables is a
nested ensemble of m —1 trees, where the edges of the first tree are nodes
of the second tree, the edges of the second tree are nodes of the third
tree, etc. (Joe, 2014).

To obtain a vine copula construction, for each edge [j, k|G| € E( 7") in
the vine, where E( 7°) = |J{*;"E(T;) denoting the set of edges of R-vine
structure 77, there is a bivariate copula Cjy (e.g., three bivariate
copula functions as listed in Table 3) associated with it. Then the
m-dimensional joint probability density function of m dimensional dis-
tribution F in the R-vine copula model can be expressed as

m

wxm) = [[fie) [ e (Fe(xlxe) Fua(xelxe)) (9

i=1 i.K|GI€E( 77)

Such that for each [j,k|G] € E( 7"), we have for the distribution function
of X; and X, given Xg = Xg, Fic (% xk|xc) = Cixe(Fic(xjlxc),
Fyg(xx|xg)). Further the one dimensional margins of F are given by
Fi(x;),i=1,---,m. To get predictions of the corresponding variable with
conditioning on the other variables, its inverse form of the distribution
function F , i.e., F~! is considered. When m = 3, the 7 th copula-based
conditional quantile function of the variable x; can be computed as
follows,

Qxl (‘L"Xz,Xg) = F71 (ul) = Fﬁl {h71 [h71 (T‘h(U3|U2))Uz] }

where F~1 is the inverse of u;, h~! is the inverse of the copula function,
h(us|uz) = Csj2(usluz). Therefore, the mean value of 500 realizations of
Q, (t]x2,x3) with probabilities 7 from the uniform distribution in the
interval [0, 1] was considered to be the best prediction.

Additionally, the technique of selecting appropriate R-vine copula
could utilize the R-package “VineCopula” (Nagler et al., 2023) which is
based on the simplifying assumption that conditional copula functions in
the second or higher trees are independent of conditional variables (Acar
et al., 2012; DiBmann et al., 2013; Kraus and Czado, 2017).

Considering the multiple regression with dependent variable Y
(denoted by X;),and p independent variables {Zi,...,Z,} (denoted by
X\{X1}), individually selected from the field data and the corresponding
remotely sensed auxiliary data, the R-vine copula was modeled to find
the conditional distribution of the dependent variable, given the inde-
pendent variables and to get its predictions based on the auxiliary data,
which was specified by the R-package “copulareg” (Brant and Haff,
2021). In this study, the optimal copula for each pair was identified from
the potential bivariate copulas presented in Table 3, which encompass a
range of typical dependence characteristics, such as central, lower-, and
upper-tail dependences (Wang et al., 2020; Xu et al., 2016). The selec-
tion criterion for the optimal copula is the smallest value of the Akaike

Q 2301 0 143

3,901

(Ty)
(Ty)

2,5/1,3,4

Fig. 4. The example of Regular vine structure of five-dimensional variables containing four trees T, = 1,2,3,4.
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Table 3

Summary of the three candidate bivariate copula functions for Copulas modeling.

Ecological Indicators 171 (2025) 113132

Copula Copula function C(uy,uz) Density function c(uy,uz) Parameter 6
Gaussian’ 02 (07 (). 07 (w) e~ Lor(z -0 o
‘ VIZ| 2
Gumbel” 1/0 _ 0-1 _ 0-1 1,00
exp( - [( —Inuy)? + (- lnuz)e} ) 0Pexp{ —ty(ur, uz)" }( Inuy )™ ( 2 Inuy) PG (to(ur, un)") 1,00)
to(u1,uz) wruy
Clayton (111 0 4yt — 1)*1/9 (1+ 0wy~ @, (8{1)(1_(1 0 4y, 971)*1/572 (0,00)

Ay = (; f) is the correlation matrix, @y is a standard bivariate normal distribution and @ is a standard normal distribution, o’ = ((I)’l (ug), o1 (uz) ), I is the

2 x 2 identity matrix.

Ya=1/0,P,(x) = Zizlegk(a)xk, and € (a) =% ;:1 (f) <02‘]>( —1)%.

information criterion (AIC), which is expressed as follows: AIC =
—2loglik + 2ny, where loglik is the maximized likelihood for the model,
ny is the number of the copula parameters with ny =1 for all three
candidates.

3.3.2. Using WLS model for comparison

The traditional parametric model, WLS, was applied here in the
comparison because it is commonly used to extrapolate predictions and
takes the heteroscedasticity of model residuals into account. For the
model from the Eq. (5), a linear form y = Xp +¢& was constructed where y
is the dependent variable; X is the design matrix of independent vari-
ables; g is the vector of model parameters; and ¢ is the vector of random
errors assumed to be normally distributed with E(¢) = 0 and E(ee™) =
¢, a positive definite matrix. To accommodate heteroscedasticity, the
model parameters were estimated using weighted least squares (WLS)

for which § = (X"WX) “'XTWy, and W = ¢! is a diagonal matrix with
w;i = 1/6?. A four-step procedure (McRoberts et al., 2016) was used to
estimate the diagonal elements of W: (i) The pairs (y;, y;) were ranked
with respect to y;; (ii) The pairs (yiji) were assembled into groups of
size 20 each; (iii) For each group, h, the mean of the predictions, }A/_h, and
the variance, 8,21, of the residuals, & = y; —y;, were calculated; and (iv)
The relationship between &; and y;, was modeled as 63 = 1.y, + &,
where 1 is the parameter to be estimated.

We were interested in comparing the Copulas with WLS model for
the overall prediction accuracy and precision, in terms of population

parameters, Ji, Va\r(ﬁ) and sampling precision. The prediction accuracy
was also assessed with root mean square error (RMSE) where RMSE =

e —3:)%, RMSEy, = RME % 100, and y = 1371 yi, n is the

number of plots of sample S; y; is the field measured firewood volume; y;
is the predicted firewood volume.

3.4. Sampling precision

Sampling precision was used to evaluate the performance and ac-
curacy of predictions with sample sizes changing. As a relative statistic
that measures the degree of variability of data, the coefficient of varia-
tion (CV) is the ratio of the standard deviation to its mean, and is used to
compare the degree of variability of two or more samples of data with
different means. For this study, the coefficient of variation (CV) is
chosen to define the sampling precision. Thus, the sampling precision
P(%) is calculated as,

Var (i)
P(%) = (1—cv) x 100 = (1 7T> x 100 (10)
where cv is the coefficient of variation; i and Va\r(ﬁ) indicate the cor-

responding estimators, i.e., i, and Va\r(ﬁt),t =1,2.
Typically, sampling precision decreases as the sample size decreases.

With the sampling precision as an indication, we compared the pre-
dictions of models, WLS, and Copulas, with different sample sizes, to
find the optimal model given a smaller sample size in respective infer-
ential frameworks.

4. Results and discussion
4.1. The estimated models: Copulas outperforms WLS

The constructed models, WLS and Copulas, are summarized in
Table 4. The graphs of observations versus predictions are presented in
Fig. 5. For the both BF and GH study area, the RMSE and RMSEq, of both
models displayed promising results, however, the Copulas model
showcased a slight advantage in prediction accuracy over the WLS
model. Additionally, Copulas exhibited a closer proximity to the diag-
onal compared to WLS, and showed closer alignment at the mean as well
as at the maximum/minimum points. In contrast, WLS only closely
aligned at the mean and was slightly out of calibration for the values at
both ends (Fig. 5). These suggest that Copulas has better modeling and
prediction performance compared to WLS, showing lower levels of
saturation. Furthermore, the parsimony criterion was strictly followed
during model construction, ensuring simplicity and facilitating mean-
ingful comparisons between the two approaches.

4.2. Copulas outperforms WLS with model-assisted estimators

Copulas outperformed WLS when considering model-assisted esti-
mators in two study areas, BF and GH. Under the condition of the sample
S of 160 and 97 plots derived from the previously obtained measure-
ments, the estimates resulting from model-assisted estimators are sum-
marized in Table 5. Because the expansion estimator is unbiased,
expansion estimates using simple random sample (SRS) were used as a
standard for comparison for estimates obtained with other estimators.

Five findings are relevant. First, compared with the expansion esti-
mator, the model-assisted estimators of the both study areas performed
better for the precision, which is consistent with the conclusion in (e.g.,
Chen et al., 2023; McRoberts et al., 2016, 2013; Stahl et al., 2016).
Second, Copulas with smaller variance estimates demonstrated a higher
level of accuracy in estimating the population mean for model-assisted
estimators compared to WLS (Table 5). Moreover, the model-assisted
estimators with WLS and Copulas model were close to the expansion
estimator of the population mean, indicating that model-assisted esti-
mators can mitigate the impact of zero values in the independent/
dependent variables and are not prone to underestimation (Breidt and
Opsomer, 2017; McRoberts et al., 2013).

Third, model-assisted estimators yielded smaller and more concen-
trated variance estimates than expansion estimators, making it more
consistent and efficient. The model-assisted estimators resulted in
slightly lower variance estimates, particularly developed with Copulas
(Table 5), which performed the same for the BF and GH study area.
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Table 4
Summary of the models.
Study area Model RMSE RMSEy, Independent variable Estimate Std.Error t value Pr( > |t])
(m®/ha)
BF WLS 4.515 66.660 (Intercept) —6.22 1.16 —5.36 0.00
EVI 11.36 1.03 11.03 0.00
Copulas 4.386 64.755 EVI NA NA NA NA
NA NA NA NA NA
GH WLS 45.002 50.448 (Intercept) 336.10 70.37 4.78 0.00
SR.contrast —2.47 0.49 —5.02 0.00
DVILvariance 1.05 0.21 4.92 0.00
SAVI.mean —574.79 167.87 —3.42 0.00
band11 —895.21 128.19 —6.98 0.00
Copulas 44.551 49.942 SR.contrast NA NA NA NA
DVI.variance NA NA NA NA
SAVI.mean NA NA NA NA
band11 NA NA NA NA

™" : All parameter estimates were statistically significant ata = 0.001.
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Fig. 5. The graph of observations versus predictions.

The summary of estimators using WLS and Copulas model. A sample of 160 and
97 plots for BF and GH study area were used, respectively.

Estimation Model a ‘7117(,7) P (%)

BF study area

Expansion estimation — 6.774 0.244 92.71

Model-assisted estimation (MA) WLS 6.598 0.128 94.58
Copulas 6.387 0.121 94.56

GH study area

Expansion estimation - 89.206 47.814 92.25

Model-assisted estimation (MA) WLS 92.203 21.096 95.02
Copulas 92.199 21.017 95.03

Fourth, comparing the estimate of the variance estimator \//a\r(ﬁ), Cop-
ulas exhibited a similar extent of reduction to WLS for both study areas,
with the model-assisted estimators (Table 5), suggesting that Copulas
could provide a better prediction accuracy, as well as offering unbiased
correction from model-assisted. Fifth, using the same sample size in each
study area, Copulas consistently displayed larger discrepancies in vari-
ance estimates between the expansion and model-assisted estimators
compared to WLS (Table 5), indicating that Copulas reduces the un-
certainty efficiently. Interestingly, the precision gaps of both study areas

between two inferential estimates were nearly identical. This phenom-
enon continues to unfold in Section 4.4.

4.3. Copulas outperforms WLS with the conditions of different sample
sizes

It is crucial to carefully consider the required sample size for moni-
toring surveys. This determination must be made prior to conducting
any field measurements. Opting for a model method that demands the
smallest sample size while maintaining the desired inferential precision
can result in superior cost-effectiveness. Conversely, when faced with
budget limitations, it becomes feasible to identify a modeling approach
that fulfills survey precision needs within the constraints of available
resources.

With the sample size n; decreasing, the results of the estimates over
1000 iterations at varying numbers of sample plots for the BF study area
are summarized in Table 6, and in Table 7 for the GH study area. The
empirical formulas for models of different variance estimates (V) and
sample sizes (n;) for both study areas are depicted in Fig. 6. Four findings
are relevant. First, in each sample size scenario for each study areas, the
difference between the model-assisted estimators of the population
mean for two models, Copulas and WLS, and the corresponding
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Table 6

Ecological Indicators 171 (2025) 113132

Summary of estimators, including expansion estimator using SRS and model-assisted estimator with WLS and Copulas modeling, at different sample sizes n, (except for
160) obtained from the corresponding absolution error d;, with 1000 iterations, for BF study area.

Expansion estimation Model-assisted estimation
d; ng i Var (i) P (%) n Var(ji) P (%)
WLS Copulas WLS Copulas WLS Copulas

0.97 160 6.774 0.244 92.71 6.598 6.387 0.128 0.121 94.58 94.56
1.03 140 6.816 0.299 91.97 6.571 6.387 0.151 0.138 94.10 94.18
1.12 120 7.057 0.341 91.72 6.568 6.383 0.182 0.161 93.50 93.71
1.17 110 6.311 0.324 90.98 6.582 6.383 0.201 0.175 93.19 93.45
1.22 100 6.946 0.395 90.95 6.583 6.375 0.223 0.193 92.83 93.11
1.29 90 6.802 0.448 90.16 6.573 6.384 0.253 0.214 92.35 92.75
1.37 80 6.811 0.477 89.86 6.585 6.373 0.284 0.242 91.91 92.28
1.46 70 6.486 0.471 89.42 6.587 6.370 0.332 0.274 91.25 91.78
1.58 60 6.344 0.725 86.57 6.579 6.349 0.379 0.323 90.64 91.06
1.73 50 6.739 0.991 85.22 6.566 6.321 0.463 0.381 89.64 90.24
1.94 40 7.084 1.117 85.08 6.586 6.304 0.570 0.469 88.54 89.14

Table 7

Summary of estimators, including expansion estimator using SRS and model-assisted estimator with WLS and Copulas modeling, at different sample sizes n, (except for
97) obtained from the corresponding absolution error d;, with 1000 iterations, for GH study area.

Expansion estimation Model-assisted estimation
ds ng i Var (i) P (%) H Var(ji) P (%)
WLS Copulas WLS Copulas WLS Copulas

13.55 97 89.206 47.814 92.25 92.203 92.199 21.096 21.017 95.02 95.03
14.07 90 89.114 52.091 91.90 92.130 92.525 22.681 22.101 94.83 94.92
14.92 80 89.154 58.346 91.43 92.021 93.042 25.461 24.657 94.52 94.66
15.95 70 89.322 66.992 90.84 91.998 93.758 29.344 27.982 94.11 94.36
17.23 60 89.334 77.868 90.12 92.116 94.960 34.193 32.547 93.65 93.99
18.88 50 88.722 93.550 89.10 92.172 94.862 40.552 38.027 93.09 93.50
21.11 40 89.093 117.436 87.84 92.321 95.144 50.742 46.168 92.28 92.86
24.37 30 88.566 156.765 85.86 92.225 96.156 65.436 58.588 91.23 92.04
26.70 25 88.832 189.203 84.52 92.867 96.944 78.178 65.677 90.48 91.64
29.85 20 89.041 232.038 82.89 92.359 96.585 90.610 79.974 89.69 90.74

(A) BF: Empirical formula (V ~ n,)
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Fig. 6. The empirical formulas of different variance estimates (V) and sample sizes (n;) for the BF and GH study area.

expansion estimators was significantly smaller than the absolute error d;
(Table 6, 7). This suggests that (1) with the given variance estimator, the
formula of determining sample size (Eq. (2)) could offer the appropriate
relationship between the absolute error d; and the sample size n; for this
study; (2) both models, Copulas and WLS, have the accuracy and

usability of prediction; (3) model-assisted estimators for both models are
relatively stable (i.e. have lower rRMSE) considering the estimates of the
population mean. Second, the log-transformed model of variance esti-
mates and sample sizes was developed in this study, which exhibited
varying convergence rates for different variance estimates with the
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sample size increasing (Fig. 6). As the sample size increased, the smooth
fitted curve of Copulas consistently remained below the WLS, in line
with the original data point conditions, regardless of BF or GH aspect.
This indicates that (1) Copulas has smaller variance estimates at the
same sample size than WLS in this study; (2) these modeling formulas
could contribute to enhancing the precision and reliability of further
survey analyses, serving as a reference for optimizing sample sizes in
monitoring surveys.

Third, with model-assisted estimators, when the sample size was
160, Copulas had the lowest variance estimate of 0.121 for BF (Table 6),
and the lowest variance estimate of 21.017 for GH at a sample size of 97
(Table 7). In particular, the uncertainty of all Copulas and WLS esti-
mation obtained over 1000 iterations in the BF study area was elevated
to varying degrees when the sample size varied from 60 to 50, with
Copulas at 18 % for model-assisted, roughly, and WLS at approximately
22 %, respectively. Similarly, in the GH study area, Copulas and WLS
elevated approximately 22 % and 16 % when the sample size varied
from 25 to 20. It suggests that there would be a significant turnaround in
inferential precision as the sample size decreased in this study. Fourth,
as the sample size decreases, the variance estimates of Copulas remained
smaller than WLS, regardless of BF or GH study area, indicating that (1)
with the conditions of different sample size, Copulas outperforms WLS in
overall prediction; (2) Copulas may offer more stable predictions with
lower uncertainty, making it a favorable choice for meeting the demands

(A) BF: Design effect

~ )
o
© °
5 [ ]
o [ ) \._.
n ° \ /. .\ e
g o_.\./ .\.,o \. °
c g N \./
o
wv
()] [22]
(o] o 7]
—— Copulas.MA /SRS
~ | —e— WLS.MA/SRS
o
S
T T T T 1T 1T T T T T 11
40 60 80 100 120 140 160
Sample size
(C) GH: Design effect
wn
i
e—®—0—9-— =0
< .-o/. :/o—o———:—.
- 2 . —
5 o °
& -*
v eo-0
c = |
o o
wv
9]
()
~N | —e— Copulas.MA /SRS
e —o—  WLS.MA/SRS
g -
I I I T I I I T

20 30 40 50 60 70 80 9 100

Sample size

Ecological Indicators 171 (2025) 113132

of inferential precision, especially in small sample scenarios.
4.4. The comparison of sampling precision between Copulas and WLS

In contrast to the design-based inference without auxiliary infor-
mation, which relies on a sufficient sample size, model-based inference
enhances inferential precision by utilizing an accurate model
(McRoberts, 2006; Saarela et al., 2015; Zheng et al., 2024). Further-
more, model-assisted estimation integrates the model and probability
samples to guarantee both unbiasedness and precision (Opsomer et al.,
2007; Stahl et al., 2016). Hence, the design effect (Sarndal et al., 1992,

p. 54), defined as the variance ratio, K“\Lﬁz) was also employed to eval-
Var(u1)

uate the sampling precision of Copulas and WLS with model-assisted
estimators, in comparison to the reference that use the variance esti-
mate Va\r(ﬁl) of the expansion estimator.

Then, the results of precision with sample size changing for two
study areas are summarized in Table 6 and Table 7, and the corre-
sponding trends of the design effect and sampling precision for different
estimators are shown in Fig. 7. Four findings are relevant. The general
minimum standard for NFI is a sampling precision of 90 % (Wang et al.,
2018; Zhou et al., 2018). First, Copulas and WLS yielded the better
sampling precision than the expansion estimation. When the sample size
was 60 in the GH study area, the precision of expansion estimation was

(B) BF: Sampling precision(%)
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Fig. 7. Effects of sample size on the design effect (on the left) of estimators and the sampling precision (%) (on the right) for both BF and GH study area.
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approximately 90 %, while Copulas and WLS were both about 94 %
(Table 7). In fact, the precision of expansion estimation was approxi-
mately 90 % when the sample size was decreased to 90, whereas the
precision of Copulas and WLS ranged from around 92 % to 93 %, rep-
resenting the precision of expansion estimation at the maximum sample
size of 160 for the BF study area (Table 6). It suggests that developing
suitable model forms could aid to evaluate the efficiency and robustness
of sampling strategy (Saarela et al., 2015) and optimize sample sizes.
Second, the design effects were all less than the unit value (Fig. 7A,
C), implying that both Copulas and WLS gained precision over the
expansion estimation. Additionally, the variance ratios of Copulas were
closer to the zero value, thus suggesting the better accuracy. Third,
Copulas was more efficient at small sample size, rather than WLS,
similarly at the large sample size. The precision versus sample size
(Fig. 7B, D) revealed that (1) the precision of Copulas remained at the
highest level at different sample sizes; (2) the trend in precision is
slightly smoother for model-assisted estimation, either Copulas or WLS;
(3) for BF study area, at a sample size of 60, a distinct turning point is
evident. Below 60, the sample size was too small to highlight the dif-
ference of precision between the different estimators, and once this
threshold was surpassed, Copulas for the model-assisted estimators was
notably superior to that of the other residual estimators, which was
consistent with the GH study area at the threshold of 25. This phe-
nomenon is more pronounced for the design effect in Fig. 7A, C. That is,
the copula method demonstrates strong performance of prediction in
small sample sizes, achieving high levels of accuracy (Grover et al.,
2020). Fourth, Copulas consistently outperformed WLS with the same
sample size. Conversely, employing the Copulas model reduces the
sample size compared to WLS while maintaining the same level of pre-
cision. As the sample size decreased from 160 to 40 and 97 to 20, the
precision of Copulas varied from 94.56 % to 89.14 %, and the precision
of WLS varied from 94.58 % to 88.54 % in BF; and 95.03 % to 90.74 %
for Copulas, 95.02 % to 89.69 % for WLS in GH (Table 6, 7). For BF study
area, WLS achieved the precision threshold of 90 % with a sample size of
60, whereas Copulas achieved with a sample size of 50. The sample size
of Copulas and WLS for GH study area were 20 and 25, respectively,
when achieving the precision threshold of 90 %. These findings suggest
that (1) Copulas could reduce the sample size by about 20 % than WLS at
the minimum threshold requirement of 90 % precision; compared to
WLS, (2) Copulas is a better choice for solving small sample problems,
which could balance tradeoffs between cost, accuracy and flexibility.

5. Conclusions

This study proposed and demonstrated eight relevant conclusions:
(1) Copulas is highly superior to WLS in modeling and prediction, with
its prediction points more closely aligned with the observations at the
mean, minimum, and maximum values; (2) Copulas with model-assisted
estimator yielded the smallest variance estimate at the sample size of
160 or 97; as sample size reduces, (3) the Copulas still performs more
effectively and accurately in monitoring surveys, compared to the WLS
under the model-assisted estimation, as well as the expansion estima-
tion; (4) a simple method for optimizing sample size, provided a log-

Appendix A
Horvitz-Thompson (HT) estimator has a general form of

1
= NZ;k

Hz =
kes

with an unbiased estimator for its variance as,
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transformed model exhibiting that Copulas has smaller variance esti-
mates than WLS at any same sample size; (5) the difference of the
population mean between the Copulas and WLS estimators and the
expansion estimators was smaller than the corresponding absolute error,
signifying that Copulas and WLS possess the accuracy and usability for
prediction; (6) Copulas consistently outperformed WLS in terms of
sampling precision, that is, as the sample size decreased in the GH study
area, the precision of Copulas decreased from 95.03 % to 90.74 %,
whereas it varied from 95.02 % to 89.69 % for WLS, which was similarly
found in the BF study area; (7) beyond a distinct turning point at a
certain sample size for two study areas, the precision of the model-
assisted estimators with Copulas was notably superior to that of the
other estimators; (8) Copulas reduces by 1/6 or 1/5 the sample sizes as
compared to WLS to reach a precision threshold of 90 %, indicating that
Copulas remains a highly effective tool for small sample sizes. Overall,
Copulas could adequately fulfill the requirements for accuracy, cost-
effectiveness and flexibility of monitoring surveys, especially for situa-
tions with small sample sizes.
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n =73 :s; for two-stage sampling.
Two-stage (TS) estimator takes the form

where Ay = { i is the inclusion probability for element k, 7 = §, for simple random sampling (SRS); 7x = = &% i.e, N = Zlc Si,

N CeS?
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where 7; = %Zi‘y,—k estimates the total y-value of the i-th PSU. Its variance estimator is

V‘;(ﬁTs):$[C(C_ )GI}"'_ —‘ZS i — Si) —_ (A.4)

where o7 = 37 (% — 71)*/(c — 1), with T = 3{%i/c; and 67 = 35 (yie — i) /(s — 1), with Ji = > 5iyue/s.

Remark:

(I) The variance estimator always has Va\r(ﬁrs) > Va\r(ﬁ,,)forSRS, making the sample size determination using SRS estimators is stricter than using
TS;

(II) The mean estimators for SRS, TS in Eq.(A.1) and (A.3) are the same;

(III) Especially, letS =1, thereisS =s =1,i.e., N = C,c =n, such that the second term of Eq.(A.4) equals zero, and the first term now expresses as

1 7] 1 06?] N-n of

where 67 = 37 (y; 7}_/)2 /(n—1), with y = Y""y;/n. This equals to the SRS variance estimators.
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