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 A B S T R A C T

Forest attribute maps relying on remotely sensed data are increasingly required for local decision-making 
related to the use of forest resources. Such maps always have uncertainty, which can be challenging to quantify. 
The objective of this work is to introduce the conformal prediction methodology to uncertainty quantification 
in forest attribute mapping, particularly for the 𝑘-NN method. We compare several conformal 𝑘-NN procedures 
for the mapping of total volume, broadleaved volume and Lorey’s height using Sentinel-2 satellite images and 
airborne laser scanning data. We show that all procedures produce valid prediction intervals in the sense 
that they contain the true value with the desired probability, for example 90%. We use multiple measures 
to quantify how well the prediction intervals adapt to the difficulty of prediction in different forest strata. 
We found that there are multiple methods for 𝑘-NN to produce prediction intervals competitive with those 
produced by conformal quantile regression. These methods include conformal prediction based on the standard 
deviation or quantiles of the 𝑘 nearest neighbors with commonly used values of 𝑘. We present how to produce 
a forest attribute map with the proposed conformal prediction intervals. We also show a theoretical coverage 
guarantee for the jackknife conformal 𝑘-NN procedure. We recommend conformal prediction for unit-level 
uncertainty quantification of forest attribute maps.
1. Introduction

Remote sensing technologies have enabled production of spatially 
explicit estimates of forest attributes in the form of a map (McRoberts 
et al., 2010; Kangas et al., 2018; Fassnacht et al., 2024). Maps are 
needed particularly for local decision making, e.g., in the process of 
planning the use of forests, but inaccuracies in the maps can lead 
to suboptimal decisions (Kangas et al., 2023). In practice, large dif-
ferences have been observed in maps produced for the same pur-
poses (Zhang et al., 2019; Schulp et al., 2014; Mitchard et al., 2013). 
Some maps have been heavily criticized due to their misleading con-
tent and contradiction with national forest inventory data based on 
field measurements (Palahí et al., 2021; Breidenbach et al., 2022). 
These types of observations have led to the call for local and global 
accuracy measures (Meyer and Pebesma, 2021, 2022) and methods 
to address the map uncertainty (Kangas et al., 2023). Kangas et al. 
(2018) also emphasized the importance to equip map products with 
valid uncertainties to understand if they are sufficiently accurate for 
decision-making. While uncertainties are required at different scales, 
from unit level (i.e., grid cell or pixel level) to small-area and even 
population level (e.g., McRoberts and Tomppo, 2007; McRoberts et al., 
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2011), this work is concerned with uncertainty quantification at the 
unit level.

The 𝑘-nearest neighbor (𝑘-NN) method has been studied exten-
sively in the context of forest resource mapping (see Chirici et al., 
2016; McRoberts et al., 2011, 2010, and references therein). It is 
used, e.g., for national forest attribute maps (Mäkisara et al., 2022; 
Tomppo and Halme, 2004) and remote sensing based stand-level forest 
management inventories (Maltamo and Packalen, 2014). Overall, the 
number of countries with 𝑘-NN applications is large (McRoberts et al., 
2011).

Several approaches have been suggested in the literature to esti-
mate uncertainty for 𝑘-NN predictions. Leave-one-out RMSE has been 
used conventionally as a unit level uncertainty measure for the 𝑘-NN 
predictions (Kim and Tomppo, 2006). These uncertainty metrics are 
reported, e.g., for the Finnish multi-source national forest inventory 
maps (Mäkisara et al., 2022). Leave-one-out RMSEs are also common 
in studies focusing on stand-level management inventories (Kotivuori 
et al., 2021). However, RMSE is not a location specific uncertainty mea-
sure: it essentially assumes the same amount of uncertainty everywhere 
in the area.
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Fig. 1. Marginal coverage for the naive interval based on normal approximation and 
standard deviation (SD) estimated from 𝑘 nearest neighbors (dashed line), and the 
conformalized interval based on the same SD (solid line). The target coverage was 
0.90. (The variable was total volume in the Central Finland study area shown in Fig. 
3.).

In the desire to provide location specific uncertainty measure, other 
approaches than RMSE must be used. Kim and Tomppo (2006) pro-
posed a location specific method for the unit level uncertainty esti-
mation based on fitting a variogram on the feature space. Sagar et al. 
(2022) proposed a method in which uncertainty is estimated from the 
collection of maps produced with training data obtained by bootstrap-
ping. Sagar et al. (2022) also proposed using the mean distance to 
neighbors to investigate the area of applicability of the model, given the 
training data. Further, there are some intuitively appealing uncertainty 
estimates like for example the standard deviation (SD) of the 𝑘 nearest 
neighbors.

The produced uncertainty intervals should preferably contain the 
ground truth with a user-specified probability, such as 90%. This 
property was not examined in any of the articles mentioned above, 
and there is generally no guarantee that the desired 90% coverage is 
obtained. For example, using the normal approximation based on the 
SD of the 𝑘 nearest neighbors can lead to severe undercoverage (Fig. 
1, dashed line). Thus, there is a clear need to enhance the uncertainty 
quantification related to the unit level 𝑘-NN predictions.

Conformal prediction is a user-friendly method to make proper 
uncertainty estimates out of heuristic ones, guaranteeing finite sample 
coverage (e.g., Angelopoulos and Bates, 2022). It is a general method 
which can be used with any prediction method. For example, the 
standard deviation of the 𝑘 nearest neighbors based intervals can be 
corrected to have the 90% coverage with conformalization (Fig.  1, solid 
line). The general idea is to shrink or extend the heuristic prediction 
intervals such that the desired coverage is obtained, as illustrated in 
Fig.  2 (left) for an interesting variable 𝑦 with respect to a single input 𝑥. 
The amount of adjustment needed for the prediction intervals is derived 
from a calibration data set.

In general, there are several alternatives for how to transform 
heuristic uncertainty intervals to conformal prediction intervals (An-
gelopoulos and Bates, 2022). The split method is the most widely 
used version of conformal prediction and generally applicable (An-
gelopoulos and Bates, 2022). In this method, a part of the training 
data is separated from the rest to be used for calibration. However, 
the jackknife conformal prediction (Vovk, 2015; Barber et al., 2021) is 
particularly attractive for the 𝑘-NN method, because it can be efficiently 
implemented together with the jackknife mean 𝑘-NN predictions. The 
jackknife method can generally be preferred because it allows to use all 
the training data, without the need to leave part of the training data to 
a separate calibration set. However, it is typically computationally too 
2 
intensive, as it requires fitting the model 𝑛 times (𝑛 being the number 
of data points). Also its theoretical coverage properties are not known 
in a general case.

In the machine learning literature, Papadopoulos et al. (2011) pro-
posed prediction intervals for the 𝑘-NN method based on conformal 
prediction. However, they worked with the split method. On the other 
hand, Barber et al. (2021) showed that the jackknife method works for 
the 𝑘-NN method, but only with simple scores that produce prediction 
intervals of constant width. Constant width of the prediction intervals 
means that while the intervals achieve the 90% coverage, they are 
not adapted to heteroscedasticity, which forest attributes often tend to 
have. Fig.  2 (right) illustrates the problem: constant prediction intervals 
are far too wide for small 𝑥 and too narrow for large 𝑥. Thus, we 
generalize the results of Barber et al. (2021) for the use of 𝑘-NN with 
heuristic uncertainty measures derived from the 𝑘 nearest neighbors 
and investigate alternatives for the heuristic measure.

There are a few examples where conformal prediction was used in 
the context of remote sensing of environment. For example, Singh et al. 
(2024) illustrated conformal prediction for land cover classification, 
tree canopy height estimation and detection of invasive tree species. 
Kakhani et al. (2024) compared different quantile regression methods 
and conformal prediction for providing uncertainty quantification for 
soil organic carbon estimation. Further, conformal classification was 
used for classifying, e.g., forest health status (Norinder and Lowry, 
2023) and land-use land-cover (Valle et al., 2023). In all these studies’ 
regression cases, conformal quantile regression and the split method 
were used.

The aim of the paper is to introduce the conformal prediction 
to forest attribute mapping using different types of remotely sensed 
data and the popular 𝑘-NN method. First, we show that the jackknife 
conformal prediction can be used with the 𝑘-NN method instead of the 
split conformal prediction. Second, we evaluate the conformal 𝑘-NN 
methods based on various heuristic uncertainty measures in the forest 
attribute mapping case using multiple efficiency measures found from 
the literature. The efficiency measures aim to quantify how well the 
prediction intervals adjust to the heteroscedasticity of data (see Fig.  2). 
We use the conformalized quantile regression as a reference method 
since according to Angelopoulos and Bates (2022) it is often the best 
way to obtain continuous prediction intervals. Third, we give step-by-
step guidance how to produce forest attribute maps with conformal 
uncertainty intervals using remote sensing data and field samples (see 
Section 3.5).

2. Data

We used Copernicus Sentinel-2 (S2) images and ALS data in the 
study. A mosaic of the S2 images covered whole Finland excluding 
the northern Lapland, whereas the ALS data were only utilized in a 
1.7 Mha study area located in Central Finland (Fig.  3). National forest 
inventory (NFI) plots of Finland were used as field samples (Korhonen 
et al., 2021). The analyses were restricted to the forest area defined 
by the forest mask from MS-NFI (Mäkisara et al., 2022). More detailed 
description of the field and remotely sensed data follows.

2.1. Field data

We used the Finnish NFI data (Korhonen et al., 2024) from years 
2019–2021 in the whole Finland study area, whereas the NFI data of 
years 2019–2023 were used in the Central Finland study area. The 
Finnish NFI is based on a systematic cluster sampling and circular 
concentric plots. Each cluster contains 8–11 plots depending on the 
sampling regions defined in Korhonen et al. (2024). Trees with di-
ameter at breast height (dbh) ≥ 9.5 cm are measured using a radius 
of 9 m, trees with 4.5 cm ≤ dbh < 9.5 cm using a radius of 4 m, 
and smaller trees with a relascope with factor 1.5. Heights of non-
sample trees and upper diameter at 6 m for all trees were predicted 
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Fig. 2. Illustration of conformal prediction. Dashed lines represent heuristic prediction intervals for variable 𝑦 with coverage above (left) or below (right) the desired 90%. 
Conformal prediction adjusts the heuristic intervals to reach 90% coverage (solid lines). Arrows relate to the adjustment.
Fig. 3. (A) The National forest inventory (NFI) clusters of the study area covering whole Finland excluding the northernmost part of the country and (B) the NFI clusters of the 
Central Finland study area.
as described in Korhonen et al. (2024). Stem volume for each tree 
was predicted using the species-specific three-predictor volume models 
proposed by Laasasenaho (1982). In this work, we used the total 
volume (m3/ha), broadleaf volume (m3/ha) and Lorey’s height (m) 
computed from the tree level data for each field plot.

As we were interested in mapping the forest attributes in the forest 
mask only, we utilized only the field plots located within the mask. 
There were 30433 field plots in the whole country and 2734 field plots 
in the Central Finland study area.

2.2. Remote sensing data

The mosaicking of the S2 images was carried out as a manual work 
as explained in Pitkänen et al., 2024. The mosaic is based on S2 Level-
2 A images that were downloaded from the Copernicus Open Access 
3 
Hub. In the Level-2 A images the pixel values represent the bottom-of-
atmosphere reflectance and images are orthorectified. The S2 images 
with as low cloud coverage as possible were selected from a time 
window of early June and late August 2020–2021 for the creation of 
the image mosaic.

ALS data of the Central Finland study area was acquired in seven 
projects between 2019 and 2023 (Table  1). These acquisitions are 
part of the national data collection campaign (KALLIO) organized by 
the National Land Survey of Finland. Data acquisition parameters and 
sensors varied across projects. We used harmonized ALS data having 
the nominal pulse density of 0.5 pulses/m2. This data is publicly 
available through OGC API - Processes interface (National Land Survey 
of Finland, 2024). The ALS echoes were classified as ground and other 
returns (Axelsson, 2000), and a digital terrain model was interpolated 
based on the ground returns. The ALS echoes were height-normalized 
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Table 1
Acquisition parameters of airborne laser scanning data in the Central Finland study area. Coverage refers to the areal coverage of the acquisition in the study area.
 Year Sensor Leaf condition Flight altitude (m) Coverage (%) 
 2023 Riegl VQ-780IIS Leaf-on 1400 17.4  
 2022 Riegl VQ-780IIS Leaf-on 1445 17.4  
 2021 Riegl VQ-780II Leaf-on 1340 17.4  
 2020 Riegl VQ-780i Leaf-on 1280 17.0  
 2020 Leica ALS70HA Leaf-off 2621 1.3  
 2019 Riegl VQ-1560i Leaf-on 1704 17.4  
 2019 Leica ALS80HP Leaf-on 2837 12.0  
with respect to the ground level by subtracting the digital terrain model 
from the original echo heights.

2.3. Feature variables

We computed feature variables from the echo heights of the ALS 
data and from S2 images for the NFI field plots and grid cells of size 
16 m×16 m. ALS features were computed without a height cutoff from 
the combined set of first-of-many and only echoes. The calculated ALS 
features were means, medians, height quantiles, standard deviations 
and densities. Height quantiles (5, 10, 15, … , 100%) were calculated 
using the default method in R (R Core Team, 2023; Hyndman and Fan, 
1996) and densities were computed by dividing the number of echoes 
below a height threshold (2, 5, 10 and 15 m) by the total number of 
echoes. S2 features were computed as area-weighted averages (Baston, 
2023).

3. Methods

3.1. The 𝑘-nearest neighbors (𝑘-NN) method

We use the following terminology: the remote sensing variables or 
possible other ancillary variables are feature variables (or features), 
the space defined by the feature variables is the feature space, the 
set of all population units for which observations of both response 
and feature variables are available is the training data (also called 
sometimes reference set), and the set of population units for which 
estimates are required is the target set. The estimate for the 𝑖th target 
unit is calculated in the 𝑘-NN method as 

𝑦̂𝑖 =
𝑘
∑

𝑗=1
𝑤𝑖𝑗 𝑦𝑖𝑗 , (1)

where 𝑖𝑗 refers to the 𝑗th nearest neighbor of unit 𝑖 from the training 
data, 𝑦𝑖𝑗  is the observed value of the response variable for this 𝑗th 
nearest neighbor and 𝑤𝑖𝑗  is the associated weight with the property 
∑𝑘

𝑗=1 𝑤𝑖𝑗 = 1.
The 𝑘 nearest neighbors are specified by a distance metric in the 

feature space, i.e., the 𝑘 units 𝑗 with the smallest distance 𝑑𝑖𝑗 from 
the unit 𝑖 are chosen as the neighbors. Numerous distance metrics, 
such as Euclidean and most similar neighbor, have been suggested 
for the prediction of forest attributes (Packalén et al., 2012; Cosenza 
et al., 2021). After some preliminary runs, we decided to use the 
Euclidean distance metric to determine the nearest neighbors in the 
feature space. Prior to computing distances, all the feature variables 
were standardized to put them on the same scale by subtracting the 
mean and dividing by the standard deviation.

In the case of a continuous response variable the predicted value is 
an average or weighted average of the response variable of the 𝑘 nearest 
neighbors. Commonly used weighting scheme is inverse distance such 
that 𝑤𝑖𝑗 ∝ 𝑑−𝑡𝑖𝑗  and 0 ≤ 𝑡 ≤ 2. If 𝑡 = 0, then equal weights are assigned 
to all 𝑘 nearest neighbors. Initially we tested the options 𝑡 = 0 and 1, 
but as the 𝑘-NN predictions (Eq. (1)) were little affected by the choice 
of 𝑡, we chose the simpler alternative 𝑡 = 0.

To produce a map, in a typical setup, a grid is overlaid on the study 
region. The grid has a large number of grid cells, 𝐺, and the predictions 
4 
are required for each grid cell. This collection of grid cells forms then 
the target set.

For the data from whole Finland, our feature variables included 10 
S2 features and we used all of these in the 𝑘-NN. For the data from 
Central Finland, we extracted 30 ALS features and 10 S2 features that 
were used as predictor variable candidates for the 𝑘-NN models. The se-
lection of the predictor variables was carried out by using the simulated 
annealing algorithm (Kirkpatrick et al., 1983). As a variable selection 
tool, the simulated annealing can be used to iteratively search for the 
optimal set of predictor variables (Packalén et al., 2012). Our variant of 
the simulated annealing was controlled by an initial temperature and 
a cooling factor and a number of inner iterations per temperature that 
defined the ultimate number of iterations. The initial temperature was 
set to 1, the cooling factor was 0.95, and the algorithm was iterated 
10 times per temperature. The algorithm used mean squared error as a 
cost function. For each 𝑘-NN model, we selected 5 predictor variables.

For volume, the selected ALS features were the mean and 90% 
quantile of ALS echo heights and the means of spectral recordings 
by S2 bands B3 (green), B7 (red edge), and B8 (near-infrared). For 
broadleaved volume, the selected ALS features were the proportion 
of ALS echoes returned below the 10-meter threshold and the 85% 
quantile of ALS echoes. Among the S2 features, the means of spectral 
recordings by S2 bands B2 (blue), B8 (near-infrared) and B12 (short-
wave infrared) were selected as predictor variables for the broadleaved 
volume model. For Lorey’s height, the variable selection procedure only 
selected ALS features. The ALS features were mean, and 55%, 75%, 
95% and 100% quantiles computed from the echo heights.

3.2. Conformal prediction

Let (𝑋1, 𝑌1),… , (𝑋𝑛, 𝑌𝑛) denote the i.i.d. training data and (𝑋𝑛+1, 𝑌𝑛+1)
a new data point drawn independently from the same distribution as 
the training data. Conformal prediction is an approach to produce 
a predictive set 𝐶̂ which contains the new data point 𝑌𝑛+1 with the 
desired coverage level 1−𝛼. Formally, the predictive set 𝐶̂ should satisfy 
the following coverage property 

𝑃 (𝑌𝑛+1 ∈ 𝐶̂(𝑋𝑛+1)) ≈ 1 − 𝛼, (2)

where the probability is taken with respect to the new data point and 
the training data (Barber et al., 2021). In the following, we present the 
split (or inductive) conformal prediction (Section 3.2.1), the simplest 
score and calibration used in the conformal prediction (Section 3.2.2), 
adaption of the conformal prediction to heteroscedasticity by using 
heuristic uncertainties (Section 3.2.3) and using conformalized quantile 
regression (Section 3.2.4). Finally, we present the conformal jackknife 
prediction method, and show a theoretical coverage guarantee for it 
with the 𝑘-NN method.

3.2.1. Split conformal prediction
In split conformal prediction the training data is first split into the 

so-called proper training set (𝑥𝑖, 𝑦𝑖), 𝑖 ∈ 1, and the calibration set 
(𝑥𝑖, 𝑦𝑖), 𝑖 ∈ 2. The proper training set is used for training the prediction 
model and the calibration set is used to calibrate the prediction sets.



M. Kuronen et al. Remote Sensing of Environment 325 (2025) 114758 
3.2.2. Simple conformal prediction
A conformity score 

𝑠𝑖 = |𝑦𝑖 − 𝑓 (𝑥𝑖)| (3)

is computed for each example 𝑖 in the calibration set 2. Here 𝑓 (𝑥𝑖) is 
the prediction for 𝑦𝑖 given 𝑥𝑖 and the model 𝑓 . Let 𝑞 be the ⌈(1− 𝛼)(𝑛+
1)⌉∕𝑛 quantile of the conformity scores 𝑠𝑖 ∈ 2. Then the predictive 
interval for a given 𝑥 is

𝐶(𝑥) = (𝑓 (𝑥) − 𝑞, 𝑓 (𝑥) + 𝑞).

The problem with the basic form of conformal prediction in the 
regression setting is that the interval length is independent of 𝑥. If it 
is known that a transformation of the response leads to a more ho-
moscedastic model, then an effective way of obtaining better prediction 
intervals is doing the conformal prediction on the transformed response 
and back transforming the intervals. An example is the logarithmic 
transformation

𝑔(𝑦) = log(𝑦 + 𝜆),

with the inverse transformation

𝑔−1(𝑦) = exp(𝑦) − 𝜆,

where 𝜆 is an offset. The conformity score is 𝑠𝑖 = |𝑔(𝑦𝑖) − 𝑓 (𝑥𝑖)|, where 
𝑓 (𝑥𝑖) is the prediction for 𝑔(𝑦𝑖) given 𝑥𝑖 and model 𝑓 . The conformal 
prediction interval is then

𝐶(𝑥) = (𝑔−1(𝑓 (𝑥) − 𝑞), 𝑔−1(𝑓 (𝑥) + 𝑞)).

3.2.3. Conformal prediction with heuristic uncertainty estimates
To adapt conformal predictions to heteroscedasticity, explicitly 

modeled uncertainties or heuristic uncertainty estimates can be uti-
lized (e.g. Papadopoulos et al., 2008, 2011; Lei et al., 2018). First, a 
heuristic (or an explicitly modeled) uncertainty 𝑢(𝑥𝑖) is computed for 
each example 𝑖 in the calibration set 2. Second, a conformity score 

𝑠𝑖 =
|𝑦𝑖 − 𝑓 (𝑥𝑖)|

𝑢(𝑥𝑖)
(4)

is computed for each 𝑖 ∈ 2. Third, 𝑞, i.e., the ⌈(1−𝛼)(𝑛+1)⌉∕𝑛 quantile 
of the conformity scores, is found. Finally, the predictive interval for a 
given 𝑥 is 

𝐶(𝑥) = (𝑓 (𝑥) − 𝑞𝑢(𝑥), 𝑓 (𝑥) + 𝑞𝑢(𝑥)). (5)

Papadopoulos et al. (2011) proposed several heuristic uncertainty 
measures for the 𝑘-NN method. These measures are based on the 
standard deviation of the 𝑘 nearest neighbors, 

𝑠𝑑𝑘(𝑥𝑖) =

√

√

√

√

√

1
𝑘

𝑘
∑

𝑗=1

(

𝑦𝑖𝑗 −
1
𝑘

𝑘
∑

𝑙=1
𝑦𝑖𝑙

)2

, (6)

or the sum of the distances to the 𝑘 nearest neighbors, 

𝑑𝑘(𝑥𝑖) =
1
𝑘

𝑘
∑

𝑗=1
dist(𝑥𝑖𝑗 , 𝑥𝑖). (7)

We considered also heuristic uncertainties based on the root mean 
squared error of the 𝑘 nearest neighbors of unit 𝑖, i.e., 

𝑒(𝑥𝑖) =

√

√

√

√

√

1
𝑘

𝑘
∑

𝑗=1
(𝑦𝑖𝑗 − 𝑦̂𝑖𝑗 )

2, (8)

which were previously utilized in the small-area estimation context 
by Kangas et al. (2024).
5 
3.2.4. Conformalized quantile regression
Another somewhat different approach to conformal prediction, is 

the conformalized quantile regression (Romano et al., 2019), which 
directly aims at predicting the interval instead of point estimates. 
Romano et al. (2019) proposed the conformalized quantile regression 
within the split conformal prediction framework. It is implemented as 
follows: Let 𝛼lo = 𝛼∕2 and 𝛼hi = 1 − 𝛼∕2 be the lower and upper 
quantiles. Quantile regression estimates the 𝛼loth and 𝛼hith quantiles 
of the response variable 𝑦 as a function of 𝑥. Let 𝑞𝛼lo  and 𝑞𝛼hi  be the 
prediction functions for the lower and upper quantiles. The conformity 
score is 

𝑠𝑖 = max{𝑞𝛼lo (𝑥𝑖) − 𝑦𝑖, 𝑦𝑖 − 𝑞𝛼hi (𝑥𝑖)} (9)

for each 𝑖 ∈ 2. Let 𝑞 be the ⌈(1 − 𝛼)(𝑛 + 1)⌉∕𝑛 quantile of the scores. 
The prediction interval for a new data 𝑥 is 

𝐶(𝑥) = (𝑞𝛼lo (𝑥) − 𝑞, 𝑞𝛼hi (𝑥) + 𝑞). (10)

Conformalized quantile regression can be used with any quan-
tile regression method. We considered random forest (quantregForest; 
Meinshausen, 2006) and 𝑘-NN (yaImpute; Crookston and Finley, 2007) 
based quantile regression. The random forest quantile regression di-
rectly targets specific quantiles. However, with conformalized quantile 
regression targeting a specific quantile is not necessary. Thus, for 
the 𝑘-NN quantile regression, we simply tested (a) the minimum and 
maximum values among the 𝑘 nearest neighbors, i.e., 

𝑞𝛼lo (𝑥𝑖) = min{𝑦𝑖𝑗 ∶ 𝑗 = 1,… , 𝑘} and 𝑞𝛼hi (𝑥𝑖) = max{𝑦𝑖𝑗 ∶ 𝑗 = 1,… , 𝑘},

(11)

and (b) the 𝛼loth and 𝛼hith sample quantiles of the values among the 𝑘
nearest neighbors as the quantile predictions.

3.2.5. Conformal jackknife prediction
Vovk (2015) proposed and empirically studied the cross-conformal 

predictor, which is an alternative to the split conformal method. In 
cross-conformal predictor the training set is split into 𝐾 subsets (folds) 
1,… ,𝐾 . We consider here the special case of leave-one-out or jack-
knife predictor with 𝐾 = 𝑛.

Let us denote the conformity score function which does not utilize 
the 𝑖th point by

𝑠̂−𝑖 = ((𝑋1, 𝑌1),… , (𝑋𝑖−1, 𝑌𝑖−1), (𝑋𝑖+1, 𝑌𝑖+1),… , (𝑋𝑛, 𝑌𝑛)),

where  is a conformity score algorithm. The functions 𝑠̂−𝑖 are used to 
compute 𝑞, i.e., the ⌈(1−𝛼)(𝑛+1)⌉∕𝑛 quantile of the scores 𝑠𝑖 = 𝑠̂−𝑖(𝑥𝑖, 𝑦𝑖), 
𝑖 = 1,… , 𝑛. Then the conformal prediction set for a new point 𝑥 utilizes 
the conformity score function which uses all the training data,

𝑠̂ = ((𝑋1, 𝑌1),… , (𝑋𝑛, 𝑌𝑛)).

That is, the conformal prediction set for 𝑥 is

𝐶̂(𝑥) = {𝑦 ∶ 𝑠̂(𝑥, 𝑦) < 𝑞}.

Theoretically much less is known about jackknife than the split 
method. Recently Barber et al. (2021) proved a coverage guarantee for 
jackknife with the simple score (Eq. (3)) under some conditions on the 
prediction algorithm. In Appendix  A, we extend this result by showing 
a similar coverage guarantee for jackknife with any conformity score 
based on the 𝑘 nearest neighbors (examples given in Sections 3.2.3 and
3.2.4). That is, the 100(1 − 𝛼)% 𝑘-NN jackknife conformal prediction 
intervals based on a conformity score derived from the 𝑘 nearest 
neighbors satisfy 

𝑃 (𝑌𝑛+1 ∈ 𝐶̂(𝑋𝑛+1)) ≥ 1 − 𝛼 − 2
√

𝑘∕𝑛. (12)
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Fig. 4. The shaded regions represent two possible 20% intervals for the data sorted 
according to the 𝑥 variable. In the left shaded region the prediction bands (black 
lines) cover 100% of the observations and in the right shaded region only 70%. (For 
interpretation of the references to color in this figure legend, the reader is referred to 
the web version of this article.)

3.3. Evaluation measures

The different conformal procedures presented above all satisfy the 
marginal coverage property (Eq. (2)). However, ideally prediction in-
tervals should have the nominal coverage for every input 𝑥. This 
property is called conditional coverage (Angelopoulos and Bates, 2022). 
Figs.  2 and 4 show examples of prediction intervals. While marginal 
coverages are fine in each case, there are clear differences in condi-
tional coverages with respect to 𝑥. Although ideal conditional coverage 
is impossible (Vovk, 2013), good conditional coverage is a desirable 
property. Besides wishing good conditional coverage with respect to 
inputs 𝑥, in forest attribute mapping it would be important to have 
equal coverage in different geographic regions, for example. Imagine, 
for example, that the country for which volume maps are constructed 
is split to ten provinces with equal number of data units. In one of the 
provinces the predictions sets never cover the observed volume, while, 
in all the other provinces, the prediction sets always cover the observed 
volume. Then the prediction sets have 90% marginal coverage across 
the whole country, but not conditional coverage. Conditional coverage 
would imply that the prediction sets cover the observed volume at least 
90% of the time in all provinces.

Many metrics have been proposed to evaluate conformal proce-
dures. The feature-stratified coverage is defined as the minimum cov-
erage in groups defined by a discrete variable, e.g., geographical re-
gion (Angelopoulos and Bates, 2022). A continuous variable can be dis-
cretized and then feature-stratified coverage can be computed for a con-
tinuous variable (see two strata illustrated in Fig.  4).The size-stratified 
coverage is a modification of feature-stratified coverage where instead 
of a feature the prediction interval length is used. Worst-slab coverage 
metric (Cauchois et al., 2021) uses random linear combinations of 
the features and a sliding window approach instead of a prespecified 
stratification.

Since, in our case all the features were continuous, we applied 
the sliding window approach of worst-slab coverage to the feature-
stratified and size-stratified coverage metrics, to avoid manually dis-
cretizing the variables. Additionally we computed worst-slab coverage 
with respect to the northing and the response. For simplicity we used 
the northing instead of geographical regions.

Formally, worst-slab coverage is obtained by going through all the 
possible intervals (𝑎, 𝑏) which cover at least 𝛿⋅100% of the data (e.g., 𝛿 =
0.20) and computing the minimal coverage across all these intervals, 
i.e., 

WSC(𝐶̂) = min
𝑏−𝑎>𝛿𝑛

{

1
𝑏
∑

1
(

𝑌(𝑖) ∈ 𝐶̂(𝑋(𝑖))
)

}

, (13)

𝑏 − 𝑎 + 1 𝑖=𝑎
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where (𝑋(𝑖), 𝑌(𝑖))𝑛𝑖=1 is the data ordered according to (1) the response 
variable 𝑌  (WSCY), (2) northing (WSCnorth), or (3) the interval length 
|𝐶̂(𝑋)| (WSCsize). For the worst-slab coverage of Cauchois et al. (2021), 
the data was ordered according to random linear combination of the 
features 𝑋. This was repeated 100 times and the mean of the resulting 
coverages is called WSCX.

There are also many measures that do not as directly measure 
conditional coverage. We inspected the interval score (Gneiting and 
Raftery, 2007). The interval score for one unit 𝑦 is defined as

𝑆𝛼(𝑙, 𝑢; 𝑦) = (𝑢 − 𝑙) + 2
𝛼
(𝑙 − 𝑦)𝟏(𝑦 < 𝑙) + 2

𝛼
(𝑦 − 𝑢)𝟏(𝑦 > 𝑢),

where 𝑙 and 𝑢 are the lower and upper boundaries of the interval, 
respectively. It is the larger, the larger the interval and exceedances 
(below or above) of the interval are. Thus, the smaller interval score, 
the better. The interval score for the conformal procedure is computed 
as the mean of the unit-specific scores, 

IScore = 1
𝑛

𝑛
∑

𝑖=1
𝑆𝛼(𝑙𝑖, 𝑢𝑖; 𝑦𝑖). (14)

It is proper scoring rule for predicting the quantiles at level 𝛼∕2 and 
1 − 𝛼∕2 (e.g., Gneiting and Raftery, 2007).

To combine all measures into one score, we had to do some nor-
malization. As probabilities, the worst-slab coverages did not need 
any normalization to be comparable. However, the interval score is 
dependent on the scale of the variable in question and the difficulty 
of predicting it. To get a comparable score we divided the interval 
score (14) by the minimum interval score observed for the same vari-
able, dataset and 𝑘. We further scaled this normalized interval score 
(IScoreN) so that twice the best interval score would result in the 
same penalty as having 80% worst-slab coverage. Thus, we defined the 
overall score as
Score =WSCY +WSCnorth +WSCsize +WSCX

+ (1 − 0.1(IScoreN − 1)). (15)

3.4. Simulation study setup

We tested the following conformal predictions for the 𝑘-NN method:

• Simple conformal prediction using scores of Eq. (3) for the loga-
rithmically transformed response 

log(𝑦 + 𝜆) (16)

with offset 𝜆 = 0, 1, 2,… , 100,
• Conformal prediction with heuristic uncertainties based on the 
standard deviation (Eq. (6)) of the 𝑘 nearest neighbors with

𝑢(𝑥𝑖) =
𝑠𝑑𝑘(𝑥𝑖)

med𝑖(𝑠𝑑𝑘(𝑥𝑖))
+ 𝛾 and (17)

𝑢(𝑥𝑖) = exp
(

𝛾 ⋅
𝑠𝑑𝑘(𝑥𝑖)

med𝑖(𝑠𝑑𝑘(𝑥𝑖))

)

, (18)

where med𝑖(𝑠𝑑𝑘(𝑥𝑖)) is the median of 𝑠𝑑𝑘(𝑥𝑖) of all units 𝑖 ∈
1 ∪ 2, as suggested by Papadopoulos et al. (2011), and 𝛾 =
0, 0.1, 0.2, 0.3,… , 2.0,

• Conformal prediction with heuristic uncertainties based on the 
mean distance (Eq. (7)) to the 𝑘 nearest neighbors with

𝑢(𝑥𝑖) =
𝑑𝑘(𝑥𝑖)

med𝑖(𝑑𝑘(𝑥𝑖))
+ 𝛾, and

𝑢(𝑥𝑖) = exp
(

𝛾 ⋅
𝑑𝑘(𝑥𝑖)

med𝑖(𝑑𝑘(𝑥𝑖))

)

,

where med𝑖(𝑑𝑘(𝑥𝑖)) is the median of 𝑑𝑘(𝑥𝑖) of all units 𝑖 ∈
1 ∪ 2, suggested by Papadopoulos et al. (2011), and 𝛾 =
0, 0.1, 0.2, 0.3,… , 2.0,
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Fig. 5. Different evaluation metrics (rows) with respect to the number of neighbors 𝑘 for the three forest attributes in Central Finland (columns) and four conformal procedures 
(lines; SD = Eq. (17) with 𝛾 = 0.5, q90 = quantile 𝑘-NN, log = log transform with optimized offset, qRF = quantile random forest). Please refer to Section 3.3 on the metric names.
• Conformal prediction with heuristic uncertainties based on the 
root mean squared error (Eq. (8)) of the 𝑘 nearest neighbors, 
𝑢(𝑥𝑖) = 𝑒(𝑥𝑖), through the same transformations as 𝑠𝑑𝑘(𝑥𝑖) and 
𝑑𝑘(𝑥𝑖),

• Conformalized quantile regression with the lower and upper 
quantiles equal to the minimum and maximum (Eq. (11)) (q100), 
the 𝛼lo = 0.05 and 𝛼hi = 0.95 sample quantiles (q90), or the 
𝛼lo = 0.25 and 𝛼hi = 0.75 sample quantiles (q50) from the 𝑘 nearest 
neighbors.

The 𝑘-NN method as detailed in Section 3.1 was applied in all cases 
with different values of 𝑘 from 2 up to 15. We compared the confor-
mal 𝑘-NN predictions to the conformalized quantile regression using 
quantile random forest as implemented in the R package quantregFor-
est (Meinshausen, 2006).

Both data sets (Finland, and Central Finland, see Fig.  3) were split 
into 70% training and 30% test data. For the split method, the training 
data was further split into the proper training set consisting of 60% 
of the full data and calibration set consisting of 10% of the full data. 
The 𝑘-NN based methods utilized the whole training data using jack-
knife, while the quantile random forest used split conformal prediction 
and trained the prediction model using the proper training set and 
calibrated the intervals using calibration set. Prediction intervals were 
predicted using the various methods listed above, and various efficiency 
measures from Section 3.3 were then computed from the test data. The 
train-test split was repeated ten times, and we report averages from 
these ten repeated runs.
7 
3.5. Producing forest attribute maps with conformal 𝑘-NN prediction

To produce jackknife conformal 𝑘-NN predictions in a practical 
situation, one first needs to choose a conformal method to be used. If a 
method based on a heuristic uncertainty is chosen, e.g., the SD (Eq. (6)), 
the first step is to compute the predictions and heuristic uncertainties 
for each unit in the available training data. If a quantile conformal 
prediction is wished to be used, then the lower and upper quantile 
predictions for each unit are required. All the predictions should be 
made in the jackknife fashion, i.e., leaving the current unit 𝑖 out 
from the training data. Having the required predictions, the required 
computations from the training data are the following:

1. Compute the conformity scores 𝑠𝑖 for each unit 𝑖, 𝑖 = 1,… , 𝑛, 
from the training data.

2. Compute 𝑞 from the 𝑠𝑖, 𝑖 = 1,… , 𝑛.

The quantile 𝑞 will then be used to produce the prediction intervals for 
all grid cells 𝑗 = 1,… , 𝐺 in the study region. In the case of heuristic 
uncertainty, the two required steps are

1. For each grid cell 𝑗, 𝑗 = 1,… , 𝐺, compute the required heuristic 
uncertainty 𝑢(𝑥𝑗 ).

2. Compute the prediction intervals 𝐶(𝑥𝑗 ) by Eq. (5).

The equivalent steps for conformal quantile regression are:
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Fig. 6. Illustration of a potential online application for visualizing the map of Lorey’s 
height based on the NFI field plots and ALS and satellite data from Central Finland 
shown for a subregion of size 3 km × 3 km. The method to produce the map was 
conformal 𝑘-NN with 𝑘 = 5 and SD. Area outside forest is colored in yellow. Black dot 
denotes a selected grid cell and the text box displays the predicted Lorey’s height and 
the associated 90% prediction interval.

Fig. 7. The uncertainty layer of the map of Fig.  6. See Fig.  6 for an illustration of an 
online application.

1. For each grid cell 𝑗, 𝑗 = 1,… , 𝐺, compute the quantile predic-
tions 𝑞 (𝑥 ) and 𝑞 (𝑥 ).
𝛼lo 𝑗 𝛼hi 𝑗
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2. Compute the prediction intervals 𝐶(𝑥𝑗 ) by Eq. (10).

We note here that, if instead of the jackknife the split method is 
to be used, e.g., in the case of another prediction method, the training 
data are first split to 1 and 2 (see Section 3.2.1) and the 𝑠𝑖 and 𝑞 are 
computed only from 𝑖 ∈ 2.

4. Results

4.1. The choice of tuning parameters

Some of the conformal 𝑘-NN prediction methods have tuning pa-
rameters. Namely, the logarithmic transformation (Eq. (16)) depends 
on 𝜆, whereas the SD and mean distance based heuristic uncertainty 
measures depend on 𝛾 (see Section 3.4). These tuning parameters affect 
the performance of the conformal prediction intervals (Fig.  B.8). The 
heuristic uncertainty measures 𝑢(𝑥𝑖) based on the SD or mean distance 
through an exponential transformation (Eq. (18)) were rather sensitive 
to the choice of the tuning parameter (Fig.  B.8, middle), sometimes 
leading to absurdly long prediction intervals. On the other hand, the 
heuristic uncertainties with additive offsets behaved robustly with re-
spect to the offset value (Fig.  B.8, top). Thus, the transformations with 
additive offsets are to be preferred over the exponential transforma-
tions, and we will not consider the exponential transformations further; 
they also did not achieve higher overall scores than the transformations 
with additive offsets.

The overall score of the method based on the logarithmic trans-
formation was also rather dependent on the offset (Fig.  B.8, bottom). 
Due to the popularity of modeling the volume through logarithmic 
transformation, we anyway kept the logarithmic transformation in our 
further comparisons.

We further inspected the performance of the SD and additive offset 
(Eq. (17)) based method with respect to the different evaluation metrics 
(Fig.  B.9). Generally the conditional coverage with respect to response 
(WSCY), northing (WSCnorth) or features (WSCX) was better for small 
offsets, and the interval length, conditional coverage and interval score 
were worse for small offsets. As a compromise we chose 𝛾 = 0.5 for 
the further comparisons, which was also used by Papadopoulos et al. 
(2011).

We did the same inspections for the logarithmic transformation, 
too (Fig.  B.10). For the conformal procedure based on logarithmic 
transform, the choice of the offset parameter had a large effect on 
all evaluation metrics except WSCnorth. For total volume and Lorey’s 
height all scores approximately agreed on which offset would result 
in the highest scores. The best offsets across the two study regions 
and different 𝑘 according to the overall score were between 35 and 
70 for total volume, and between 160 and 200 for Lorey’s height. 
For broadleaves, especially the interval score was better for higher 
offset while other scores would choose small offsets between 0.7 and 
4. For our further comparisons, we chose the optimal offset for each 𝑘, 
variable and region based on the overall score (15).

4.1.1. The choice of the 𝑘-NN quantiles
The conformalization allows using any quantiles for producing the 

desired (e.g., 90%) prediction intervals. We tested (0.25, 0.75) (= q50), 
(0.10, 0.90) (= q80), (0.05, 0.95) (= q90) and the minimum and maximum 
(= q100) (Fig.  B.11). Using q50 or q80 was clearly inferior to using 
q90 or q100. Using q100 led to slightly better evaluation metric values 
especially for larger 𝑘. However, this advantage is at least partially 
shadowed by a higher than 90% marginal coverage, i.e., on average 
overestimating the prediction uncertainty, for the broadleaved volume. 
Thus, we chose to use q90 in the following.



M. Kuronen et al. Remote Sensing of Environment 325 (2025) 114758 
Fig. B.8. The overall score with respect to the tuning parameters of heuristic uncertainties using different transformations and statistics from the 𝑘 nearest neighbors (d - Eq. (7); 
e - Eq. (8); sd - Eq. (6)). Columns give the results for different 𝑘 = 3, 7, 15 and lines for the three forest attributes in two regions.
 

4.1.2. Comparison of conformal prediction methods
To our detailed comparisons across methods, we selected one heuris-

tic uncertainty based conformal procedure (SD, additive transformation 
Eq. (17) with 0.5 offset), one quantile conformal procedure (q90) and 
one logarithmic transformation (log, optimized offset) based conformal 
procedure (see above). As a reference we used quantile random forest 
(qRF).

We computed the marginal coverage, different evaluation scores 
and the overall score (Eq. (15)) for all the methods both in Central 
Finland study region (Fig.  5) as well as the whole Finland (Fig.  B.12). 
According to the overall score the log transform was a bit worse than 
SD and q90 for Lorey’s height (top rows of Figs.  5 and Fig.  B.12). On the 
other hand, the log transform was a bit better for total volume both in 
Finland and Central Finland and for the broadleaved volume in Finland. 
Regarding the behavior with respect to 𝑘, SD and q90 had a bit worse 
overall score for 𝑘 = 2 than for 𝑘 ≥ 3: SD and quantiles cannot be well 
estimated from just two neighbors. Generally, q90 tended to get higher 
score for larger 𝑘, whereas SD started low at 𝑘 = 2, reached a peak 
(dependent on the variable) and then the score started to decline as 𝑘
grows. The overall score for the log transform was mostly independent 
of 𝑘.

For all variables and regions the reference procedure qRF achieved 
the best overall score. However, similarly as q100 (see Section 4.1.1 
and Fig.  B.11), qRF had overcoverage problems for broadleaved volume 
and to a small extent for total volume, i.e., the prediction intervals 
covered the ground truth more often than desired. This overcoverage 
partly explains higher evaluation metric values in these cases. All the 
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compared 𝑘-NN procedures achieved marginal coverage that was very 
close to the target coverage 0.9 (bottom rows of Figs.  5 and B.12).

Inspecting the components of the overall score reveal further small 
differences between the methods: For the worst-slab coverage with 
respect to the response variable (WSCY) the log transform performed 
almost as good as qRF. The SD and q90 were worse for total volume 
and especially for broadleaved volume. Similarly as the overall score, 
the WSCY for q90 starts low and increases as 𝑘 increases. The WSCY 
for SD peaks at 𝑘 = 2 and then decreases as 𝑘 grows. The WSCY for the 
log transform was mostly independent of 𝑘.

For the worst-slab coverage with respect to the interval length 
(WSCsize) q90 performed the best. The log transform performed as well 
as q90 for total volume, but it was the worst for the other variables. 
Here SD was the only procedure whose performance clearly varied with 
respect to 𝑘, having very low WSCsize for small values of 𝑘. That is, for 
small values of 𝑘, short and long intervals had different coverages.

The worst-slab coverage with respect to northing (WSCnorth) showed
very little difference between the procedures.

The worst-slab coverage with respect to the model features (WSCX) 
behaved very much like WSCnorth. However, the log transform was 
worse than the other procedures for Lorey’s height and better for total 
volume. Again q90 benefited from having a larger 𝑘.

For the interval score (IScoreN) the log transform was a bit worse for 
Lorey’s height and broadleaved volume than SD and q90. On the other 
hand the log transform was better for total volume. q90 was always a 
bit better than SD. All procedures had worst interval scores for 𝑘 = 1
and the score leveled out around 𝑘 = 5. For the broadleaved volume and 
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Fig. B.9. Different evaluation metrics (rows) with respect to the tuning parameter of the heuristic uncertainty based on SD (Eq. (17)). Columns give the results for different 
𝑘 = 3, 7, 15 and lines for the three forest attributes in two regions.
q90 the interval score kept getting better even up to 𝑘 = 15. The interval 
score for log transform had some jumpy behavior for the broadleaved 
volume.

In conclusion, all conformal procedures performed rather well, but 
there were some minor differences between them with respect to some 
of the evaluation measures. Particularly, the smallest 𝑘 produced larger 
interval scores. On the other hand, the performances with the different 
𝑘 varied with respect to the different worst-slab coverages.

4.2. Examples of conformal volume maps

We applied the 𝑘-NN method with 𝑘 = 5 and using the SD based 
heuristic uncertainty measure Eq. (17) with 𝛾 = 0.5 to produce the 
predictions and uncertainties in the Central Finland. We followed the 
steps explained in Section 3.5. Fig.  6 shows the map of Lorey’s height 
based on the NFI field plots and ALS and satellite data from Central 
Finland study area for a 3 km × 3 km subregion. The text box shows 
the predicted value with 90% prediction interval for the grid cell under 
the black dot. This illustrates how the uncertainties could be available 
for each grid cell in a potential online application. Fig.  7 shows the 
halfwidth of the prediction interval for the map in Fig.  6. The median 
halfwidth is 2.4 m. The prediction intervals tend to be wider on edges 
of forest stands or in locations with small-scale spatial variation with 
gaps in the canopy.
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5. Discussion

Conformal prediction is a general technique to provide predictive 
sets that include the ground truth with at least a given probability. We 
proposed conformal predictive intervals to forest attribute mapping, 
as a way to provide grid cell level uncertainty quantification. We 
used satellite images and ALS data in our experiment but any remote 
sensing data suitable for mapping can be utilized. We focused on the 
𝑘-NN method, which is popular in forest attribute mapping and for 
which no generally accepted method of uncertainty quantification is yet 
available. We proved a coverage guarantee for jackknife conformal 𝑘-
NN prediction intervals (Appendix  A) and showed by our experimental 
study (Section 4) that jackknife conformal prediction intervals using the 
𝑘-NN method have good coverage properties. Particularly, the confor-
mal predictions based on SD or quantiles of the 𝑘 nearest neighbors had 
reasonable marginal and conditional coverages with commonly used 
values of 𝑘 (as a compromise between RMSE and bias values 𝑘 < 10 are 
commonly used, e.g., Mäkisara et al., 2022; Miettinen et al., 2024).

While conformal prediction method guarantees the desired marginal 
coverage, the heuristic uncertainty determines how well the prediction 
intervals adapt to the heteroscedasticity in data. In principle there are 
no restrictions for the source of heuristic uncertainty measures, but 
their usefulness certainly varies according to the ability of them to 
adapt to heteroscedasticity. In our experimental study, it turned out 
that some conformal procedures (e.g., using the logarithmic transfor-
mation) were rather sensitive to the tuning parameters. As we did not 
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Fig. B.10. Different evaluation metrics (rows) with respect to the offset parameter of the logarithmic transformation for 𝑘 = 3, 7, 15 (columns) and for the three forest attributes 
in two regions (lines).
find any obvious way to predict the best choice of the tuning parame-
ters, we recommend using the procedures which were not sensitive to 
or did not have tuning parameters: the additive transformation of SD 
and the conformal quantile 𝑘-NN method.

We worked with the jackknife conformal prediction for the 𝑘-NN 
method. The jackknife method is attractive if representative training 
data are available and if the methods used for mapping allows effective 
use of it. We note that several common regression algorithms as well 
as RF allow, similarly as 𝑘-NN, to perform the jackknife conformal 
steps without the need to refit the model 𝑛 times (Barber et al., 2021). 
While theoretical coverage guarantees for the jackknife method require 
some assumptions on the regression algorithm (Barber et al., 2021), 
the jackknife prediction intervals have been observed to achieve the 
target coverage in practice (Barber et al., 2021). Besides our detailed 
study with jackknife conformal 𝑘-NN prediction, we also tested the 
conformal jackknife method with qRF, using out-of-bag predictions for 
estimating the conformal adjustment (𝑞) and obtained results similar 
to those presented in Section 4 using qRF with split method. If the 
jackknife procedure is too computationally demanding, there exists a 
cross-validation based conformal prediction procedure and the split 
method. For stronger theoretical guarantees the split method is always 
available.

It should be noted that the calibration set used in conformal pre-
diction requires careful consideration. The calibration set should be a 
representative sample of the target set. The simplest option for the cali-
bration set is to have a simple random sample of the target population. 
11 
In the context of forest attribute mapping, the training data are often 
systematic samples, stemming for example from NFIs. As the sample 
plots do not lie geographically too close to each other, they are typically 
considered to provide approximately independent observations, too. 
However, sample plots collected for a specific purpose may not serve 
the purpose.

When producing the map for a large region, there can be several 
sampling regions with different sampling designs. For example, the 
Finnish NFI in our study region (Fig.  3) consists of four sampling 
regions with different systematic designs. In our simulation study we 
worked only with the test data, and thus did not consider the sampling 
regions. However, the design can affect the validity of conformal pre-
diction intervals in the map production. If the sampling intensities are 
not too different it may still be beneficial to apply conformal prediction, 
because the error made by not accounting for the sampling design is 
probably smaller than the error of using a heuristic uncertainty directly. 
Wieczorek et al. (2023) considered some complex sampling designs 
and proposed using so-called covariate shift method (Tibshirani et al., 
2019). In future, we plan to investigate rigorous accounting for the 
sampling design when producing uncertainties for forest resource maps.

The assumption that the train and test data are identically dis-
tributed is in principle violated in the forest attribute mapping context 
due to several reasons: shape, size and time differences between field 
plots and remotely sensed data. Shape differences are typically believed 
to have a minor effect (Packalen et al., 2023). Here we worked with 
circular fields plots with radius 9 m and grid cells of size 16 m ×
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Fig. B.11. Different evaluation metrics (rows) for the conformal 𝑘-NN quantile methods for 𝑘 = 3, 7, 15 (columns) and for the three forest attributes in two regions (lines).
16 m, which are approximately of the same size. Much greater size 
differences may play some role. The issue with time differences is that 
some cuttings can occur between the field data collection and remote 
sensing acquisition. On the other hand, the prediction map is made for 
the exact dates of the remote sensing features. This introduces some 
difference in the distribution of the training set and the prediction set. 
To mitigate the time issue, we removed field data where a clear cut 
was detected based on the field measured volume and the height from 
remote sensing data. Future work could investigate the possibility to 
include the time difference (𝛿𝑇 ) in a heuristic uncertainty measure, for 
example 𝑢(𝑥) = 𝑠𝑑(𝑥) + 𝛿𝑇 + 𝛾.

According to a typical coverage result, the coverage is at least 
1 − 𝛼. There is an additional result that the coverage is less than 
1− 𝛼 +1∕𝑛 which requires continuous distribution of the errors/scores. 
When there are a lot of zero volumes the continuity is not satisfied. 
For the broadleaved volume that is quite often zero, we observed 
overcoverage of the conformal prediction intervals for some conformal 
quantile prediction procedures, namely the conformal quantile random 
forest (the reference method) and the conformal 𝑘-NN quantiles based 
on the minimum and maximum value of the 𝑘 nearest neighbors (q100). 
The overcoverage is a result of perfectly predicting the lower bound of 
the prediction interval at zero for majority of the zeros in the data, 
thus leaving little space for adjusting the coverage to the desired level. 
Future work should investigate scores specialized to the case of having 
lots of zeros, since zeros are quite common with forest attributes.

In conclusion, there are several things that can still enhance the 
conformal predictions. Still we believe that already the basic approach 
used here is beneficial in many situations.
12 
Finally, similar to a typical case in forest resource mapping, our field 
sample plots were relatively small and did not lie in the close vicinity of 
each other. Thus, we were able to conformalize our predictions at the 
unit level, i.e., in the areas of the same size as the field plot data which 
we had available for training. In the future, it would be interesting 
to investigate whether or not conformal prediction could help also in 
small-area estimation context. This might however require training data 
that are currently not available.
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Appendix A. Proof of Eq. (12)

We say that a score function is out-of-sample stable for 𝜈 ∈ [0, 1] if 
𝑃 (𝑠̂(𝑋𝑛+1, 𝑌𝑛+1) ≠ 𝑠̂−𝑖(𝑋𝑛+1, 𝑌𝑛+1)) < 𝜈, (19)

i.e., the predictions for a new data point (𝑋𝑛+1, 𝑌𝑛+1) with using also the 
𝑖th observation, or not using it, are the same with a high probability. 
This condition is analogous to the out-of-sample stability condition 
in Barber et al. (2021).

Suppose that the score function satisfies the out-of-sample stability 
condition (Eq. (19)) with 𝜈. Below we will show that then the jackknife 
prediction interval satisfies 
𝑃 (𝑌𝑛+1 ∈ 𝐶̂(𝑋𝑛+1)) ≥ 1 − 𝛼 − 2

√

𝜈. (20)

A conformity score that is based on 𝑘 nearest neighbors is out-of-sample 
stable for 𝜈 = 𝑘∕𝑛. This can be easily seen by using the arguments 
in Barber et al. (2021, Sec. 5.5). Thus, in summary, the coverage of 
the prediction intervals is at least 1 − 𝛼 − 2

√

𝑘∕𝑛.
The proof closely follows the proof of Theorem 5 in Barber et al. 

(2021). We start by showing that jackknife using oracle scores achieves 
the desired coverage rate: For each 𝑖 = 1,… , 𝑛+ 1, let 𝑠̃−𝑖 be the oracle 
score function based on the training and the new data point with point 
𝑖 removed, i.e.,
𝑠̃−𝑖 = ((𝑋1, 𝑌1),… , (𝑋𝑖−1, 𝑌𝑖−1), (𝑋𝑖+1, 𝑌𝑖+1),… , (𝑋𝑛+1, 𝑌𝑛+1)).

These functions are used to compute 𝑞, the ⌈(1 − 𝛼′)(𝑛 + 1)⌉∕𝑛 quantile 
of the scores 𝑠̃−𝑖(𝑥𝑖, 𝑦𝑖), 𝑖 = 1,… , 𝑛, where 𝛼′ = 𝛼 +

√

𝜈. The oracle 
prediction interval is now
𝐶̃(𝑥) = {𝑦 ∶ 𝑠̂(𝑥, 𝑦) ≤ 𝑞}.

This interval by definition satisfies
𝑃 (𝑌𝑛+1 ∈ 𝐶̃(𝑋𝑛+1)) = 𝑃 (𝑠̂(𝑌𝑛+1, 𝑋𝑛+1) ≤ 𝑞).

Now since the training and new data point are assumed to be i.i.d. and 
the function  to be symmetric on its arguments, the oracle scores
𝑠̃−1(𝑋1, 𝑌1),… , 𝑠̃−(𝑛+1)(𝑋𝑛+1, 𝑌𝑛+1)

are also exchangeable. Thus, because 𝑠̃−(𝑛+1)(𝑋𝑛+1, 𝑌𝑛+1) = 𝑠̂(𝑋𝑛+1, 𝑌𝑛+1),

𝑃 (𝑠̂(𝑋𝑛+1, 𝑌𝑛+1) ≤ 𝑞) ≥
⌈(1 − 𝛼′)(𝑛 + 1)⌉

𝑛 + 1
≥ 1 − 𝛼′.

In the second part we show that the oracle interval is with sufficient 
probability covered by the jackknife interval if the score function is out-
of-sample stable. The inclusion holds if 𝑞 ≤ 𝑞. If 𝑞 > 𝑞 then the number 
of indices 𝑖 = 1,… , 𝑛 with 𝑠̃−𝑖 ≠ 𝑠̂−𝑖 is at least
⌈(1 − 𝛼)(𝑛 + 1)⌉ − ⌈(1 − 𝛼′)(𝑛 + 1)⌉ + 1 ≥

√

𝜈(𝑛 + 1).

Therefore

𝑃 (𝐶̃(𝑋𝑛+1) ⊄ 𝐶̂(𝑋𝑛+1)) = 𝑃 (𝑞 > 𝑞)

≤ 𝑃 (
𝑛
∑

1(𝑠̃−𝑖 ≠ 𝑠̂−𝑖) ≥
√

𝜈(𝑛 + 1))

𝑖=1

13 
Fig. B.12. Different evaluation metrics (rows) with respect to the number of neighbors 
𝑘 for the two forest attributes in Finland (columns) and four conformal procedures 
(lines).

≤
𝐸(

∑𝑛
𝑖=1 1(𝑠̃−𝑖 ≠ 𝑠̂−𝑖))
√

𝜈(𝑛 + 1)
,

where the last inequality holds by Markov’s inequality. For every 𝑖 =
1,… , 𝑛

𝑃 (𝑠̃−𝑖(𝑋𝑖, 𝑌𝑖) ≠ 𝑠̂−𝑖(𝑋𝑖, 𝑌𝑖)) = 𝑃 (𝑠̃−𝑖(𝑋𝑖, 𝑌𝑖) ≠ 𝑠̃−(𝑖,𝑛+1)(𝑋𝑖, 𝑌𝑖))

= 𝑃 (𝑠̃−(𝑛+1)(𝑋𝑛+1, 𝑌𝑛+1) ≠ 𝑠̃−(𝑛+1,𝑖)(𝑋𝑛+1, 𝑌𝑛+1))

= 𝑃 (𝑠̂(𝑋𝑛+1, 𝑌𝑛+1) ≠ 𝑠̂−𝑖(𝑋𝑛+1, 𝑌𝑛+1))

≤ 𝜈,

where the first and third step hold by the definition of the score 
functions (in 𝑠̃−(𝑖,𝑛+1)(𝑋𝑖, 𝑌𝑖) both 𝑖th and (𝑛 + 1)th point is excluded), 
the second step holds since the data points are iid, and the last step 
holds due to out-of-sample stability. Thus

𝑃 (𝐶̃(𝑋𝑛+1) ⊄ 𝐶̂(𝑋𝑛+1)) ≤
𝜈𝑛

√

𝜈(𝑛 + 1)
≤
√

𝜈

Combining the two parts gives

𝑃 (𝑌𝑛+1 ∈ 𝐶̂(𝑋𝑛+1)) ≥ 𝑃 (𝑌𝑛+1 ∈ 𝐶̃(𝑋𝑛+1)) − 𝑃 (𝐶̃(𝑋𝑛+1) ⊄ 𝐶̂(𝑋𝑛+1))

≥ 1 − 𝛼 − 2
√

𝜈.
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Appendix B. Additional results for the simulation study

See Figs.  B.8–B.12.

Data availability

The authors do not have permission to share data.
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