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Abstract

It has been shown that simple random sampling is not necessarily the best option, when data is collected for modelling and mapping
forest resources. Instead, other sampling designs like systematic or stratified sampling may be better options for those purposes.
Furthermore, it has been shown that for stratified sampling, Neyman allocation based on the influence of a given model predictor
will produce the smallest estimation error for its coefficient. In this study, we explore if the small-area estimation can be improved by
the selection of sampling design, and how that depends on the properties of the small areas. We tested four different sampling designs
(simple random sampling, pseudo-systematic sampling, spatially balanced sampling, and stratified sampling) for small area estimation.
We also tested two different versions of Neyman allocation: traditional Neyman allocation based on remote sensing variables, and
another based on their influences on the estimated regression coefficients. The results show that the model-based small-area estimates
were seriously underestimated for the domains with largest volume with all modelling methods, due to the model predictions not
capturing exceptionally large values. This could only slightly be alleviated with the choice of a sampling design. On the other hand,
the designs weighting the high-end volume domains produced less accurate results for the middle and low-end volume domains. The
model-based estimation without field plots for calibrating the model is not capable of identifying the domains with largest values of
target variables nor producing unbiased estimates for them. Thus, it is important to develop calibration methods applicable also for
non-sampled domains.
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Introduction
It was noted already in 1970’s that simple random sampling is not
necessarily the best sampling method for model-based inference.
Royall (1970) proved in his classic paper that the optimal sampling
design for model-based inference with a linear model through
origin is purposive sampling of the units with the largest values
of the predictor. Later, it was noted that while such a design is
optimal if the model is correctly formulated, it is usually better to
take a balanced sample (Royall and Herson 1973). If the model was
not correctly formulated, there was a high risk of biased estimates.
It has also been noted that the simple random sampling is not very
efficient for mapping purposes, but designs such as systematic
sampling or balanced sampling might be more efficient (Brus
2019).

The municipality-level inventory results in Finland are based
on systematic cluster sampling and model-based small-area esti-
mation with k-nearest neighbour (KNN) approach using satel-
lite images as auxiliary data (e.g. Mäkisara et al. 2019). For the
largest municipalities, it is possible to use design-based estima-
tion such as post-stratification (Haakana et al. 2020), but the
smallest municipalities might not have any sample plots. The
forest management inventory for stand-level decision making,
on the other hand, is model-based small-area estimation based

on stratified sampling of field plots, aerial laser scanning data,
and aerial images. The sampling design for these field plots does
not aim for representative sample of the whole population, but
rather aims at accurate models for predicting the forest variables
in wall-to-wall fashion (Maltamo et al. 2021). The results can be
calculated using either parametric models such as linear mixed-
effect models (Astrup et al. 2019) or non-parametric models such
as KNN (Maltamo and Packalen 2014). Bayesian approaches have
also been used (Junttila et al. 2008).

Our hypothesis is that mapping and small-area estimation set
additional requirements for sampling design compared to large-
area estimation. If a design that is better for modelling purposes
can be derived, it can be assumed such a design is also better for
model-based small-area estimation, as the validity of the results
solely lies on the quality of the model. The potential improvement
is assumed to depend on the size of the small areas and the
proportion of between-area variation from the total variation:
the more the small areas differ from each other, the more likely
borrowing information from nearby areas would result in biased
estimates and vice versa. The possible improvements are also
assumed to depend on the quality of the explanatory variables
in regard to explaining the variation.

Sampling designs possibly better suited for small-area estima-
tion are systematic designs or pseudo-systematic designs with
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one sample unit selected from a systematic grid (Brus 2019) or
designs striving for a spatially balanced sample such as local
pivotal method (LPM, Grafström et al. 2014). Stratification may
also be used to obtain samples that are better fitted for modelling
purposes than SRS samples.

If stratified sampling is used, the sample needs to be allocated
to the strata. The allocation can be carried out in different fash-
ions, for instance proportionally to the strata size. The allocation
of the sample can also be optimized based on the size of the
stratum h (Nh), the measurement cost within the stratum h (ch)

and the variation of the variable of interest (Sh) within stratum h
using so-called optimal allocation (Cochran 1977, Eq 5,23). Ney-
man allocation is a special case of this allocation, assuming the
measurement costs are equal in all strata as

nh = n
NhSh∑H

h=1 NhSh

(1)

However, Neyman (1934) showed that if we wish to select the
sample that would provide the smallest variance of a regression
coefficient of one predictor of a model, an optimal design would
be a stratified sampling using Neyman allocation based on the
variance of influence of this predictor variable rather than the
variance of the variable. These influences describe the effect of
excluding a specific observation from a sample on the coefficient

INFin = β̂n − β̂(i)n (2)

where β̂n is the coefficient estimated from all n observations, and
β̂(i)n is the coefficient estimated with all but observation i (e.g.
Mehtätalo and Lappi 2020 p. 103). The influence for observations
at the mean of a given predictor variable is zero and increases
towards the extremes. Unfortunately, the influence of any obser-
vation is unobservable before the sample is taken, and thus the
truly optimal sample is unattainable. However, it is possible to
approximate the influence function to get efficient sampling
designs (Chen and Lumley 2022).

The aim of the paper is to test the performance of model-based
small-area estimators under four different sampling designs, in
order to evaluate the effect of sampling designs on model-based
estimation. Our aim is to find out what kind of design would be
most efficient, i.e. produce the most accurate results for a given
sampling effort. We also analyze how this depends on the size of
the small areas (and size of the sample within it) as well as the
homogeneity of the small areas, measured with the proportion of
the between-area variation of the total variation in the population.
We utilize a unit-level linear model, empirical best linear unbiased
prediction (EBLUP) approach with a mixed linear model, a k-
nearest-neighbor model and a k-nearest-neighbor model adjusted
with an EBLUP approach. The study is carried out as a simulation
study where the ‘ground truth’ at population level is known. The
designs and modelling methods are compared using empirical
standard error, bias and RMSE and the empirical coverage of the
estimated confidence intervals.

Materials
The ground truth data for the simulation experiment was pre-
pared as follows (Fig. S1 in supplementary material): We utilized
wall-to-wall airborne laser scanning (ALS) features on a region of
∼5900 ha (Kangas et al. 2023, 2025). Data contained ALS features
on a grid of 231 824 square cells of 16 m × 16 m. To generate
a ‘ground truth’ we simulated for each pixel i a volume with
yi = exp (μi + ei), where μi is the predicted logarithm of volume

from an external model and ei is the simulated random error. The
errors were assumed to be autocorrelated and stem from a zero-
mean Gaussian random field with exponential semivariogram
model having variance σ 2 = 0.0538, nugget effect τ 2 = 0.0292 and
range parameter φ = 337, resulting in a practical range of 1011
meters (Kangas et al. 2023).

The external model was based on an independent modelling
dataset that had 1044 observations with field-measured values of
total plot volume, basal area, mean diameter, and mean height.
The modelling dataset contained ALS features that were also
available in the wall-to-wall data (i.e. population). The modelling
data including details of ALS features are documented in Tuomi-
nen et al. (2017) and Balazs et al. (2022). We modelled the plot-
specific ln(y) using the best seven-predictor model estimated with
leaps package in R (Thomas Lumley based on Fortran code by Alan
Miller 2024), using the following 17 ALS features: The maximum
height of the points, Height at which given percentiles (20% last
echo, 45%, 55%, 65%, 70%, 90% first echo) of vegetation points are
accumulated (m), Proportion of vegetation points relative to all
points (%, first and last echo), Skewness of the vegetation point
heights, Proportion of points above mean height, Proportion of
points having cumulated at 20% of the height from all points
(%, last echo), Rumple index, Inner volume (Véga et al. 2016),
SumEntropy (Haralick et al. 1973) of canopy surface model and
Average intensity of ALS echoes. Unless otherwise stated, the fea-
tures were calculated from the first echoes. The ‘true’ model had
residual standard error = 0.232 and multiple R2 = 0.897 (Kangas
et al. 2023, Table 1). This model was only used for generating the
population, but not for calculating the simulation results.

Methods
Model-based estimators using a mixed linear
model
For indirect model-based estimators we assumed an unit-level
linear mixed model

yji = xjiβ + vj + eji, j = 1, . . . , J; i = 1, . . . , nj (3)

where yji is the volume in unit i within domain j (m3/ha), xji is
the vector containing all observed predictor values for the fixed
effects in unit i and domain j, β is the vector of fixed model coeffi-
cients, vj is the random area effect for domain j (υj ∼ N(0, σ 2

υ )), eji is
the random error for unit i in domain j (eji ∼ N(0, σ 2

e c−1
ji )), c−1

ji is the
weight of the unit i in domain j (used in case of heteroscedastic
residuals), and nj is the sample size within domain j. In matrix
form this is

y = Xβ + Zν + e (4)

where Z is an (N × J) indicator matrix of units belonging to domain
j. This leads to a block-diagonal variance–covariance matric of the
errors (Militino et al. 2007)

V = σ 2
υ ZZt + σ 2

e C−1 (5)

where C is an (N × N) diagonal weight matrix with elements cji,
resulting a constant correlation between units i and k within each
domain j, namely

cor
(
eji, ejk

) = σ 2
υ

σ 2
υ + σ 2

e
(6)

With an alternative specification, it would also be possible
to assume a continuous correlation depending on the distance
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Table 1. The parameter values for the ‘true’ model log(y) = β0 + βx1 + βx2 + βx3 + βx4 + βx5 + βx6 + βx7 + ε.

Estimate Std. Error T Value

Intercept 1.536607 0.141549 10.85565
Maximum height 0.02380686 0.007498333 3.174953
Height where 55% of points are cumulated 0.02799505 0.01001328 2.795793
Height where 90% of points are cumulated 0.03482004 0.01273452 2.734304
Prop. of vegetation points 0.0104878 0.0005722577 18.32706
Prop. of points cumulated at 20% of height 0.02489417 0.00371768 6.696159
Average Intensity −0.05024336 0.007689848 −6.533726
SumEntropy 0.3666484 0.02072759 17.68891

between the units considered (Kangas et al. 2023, Wadoux and
Heuvelink 2023).

The mean for domain j is (Militino et al. 2007, Mauro et al. 2017)

μj = xjβ + vj + 1
Nj

Nj∑
i=1

eji (7)

where xj is the average vector of the values xji in domain j, Nj

is the total number of units within the domain j, vj is the area
(or domain) effect and eji is the error related to the unit i within
domain j. In (7), the area effect vector v is assumed to be estimable
from data. However, if there are no observations from the domain
(i.e. nj = 0), the estimate of area-effect v̂j = 0. Moreover, if the Nj

is large enough, the last term will be approximately zero. In such
case the model-based estimator will simply be

μ̂MB,j = xjβ̂ (8)

and the estimator of its variance (Breidenbach et al. 2016,

Kotivuori et al. 2020) is var
(
μ̂MB,j

) = xj
′ var

(
β̂
)

xj, estimated

from the estimated variances of the parameters. Estimator for
the domain mean ŷMB,j coincides with the estimation of the
superpopulation parameter μ̂MB,j. However, when we wish to

estimate the variance of the domain mean ŷMB,j rather than
the superpopulation parameter μ̂MB,j, the formula is written as
(Breidenbach et al. 2016)

var
(
ŷMB,j

)
= xj

′ var
(
β̂
)

xj + 1
N2

j

Nj∑
i=1

Nj∑
l=1

ĉov
(
eji, ejl

)
(9)

where the last term consists of the estimated covariances (or
variances in case i = l) of the errors of all Nj pixels or units within
the domain. In the case of an area-effect model, the last term can

be estimated with 1
N2

j

((∑Nj

i=1 σv

)2 + ∑Nj

i=1 σ 2
e

)
.

When the model-based estimator is calibrated using the obser-
vations from the domain j to estimate the area effect ν̂j, the
estimator of the mean is of the form (Mauro et al. 2017)

μ̂EBLUP,j = xjβ̂ + ν̂j (10)

Its MSE under the assumed model (3) is estimated with (Militino
et al. 2007, see also Breidenbach et al. 2018, Mauro et al. 2017, Rao
and Molina 2015 chapter 5.2.6)

MSE
(
μ̂EBLUP,j

) = g j,1 + gj,2 + 2gj,3 + gj,4 (11)

where

gj,1 = (
1 − γ̂j

)
σ̂ 2

υ (12)

gj,2 =
(
Xj,r − γ̂jxj

)2
var

(
β̂
)

(13)

gj,3 = c−2
j.

(
σ̂ 2

υ + σ̂ 2
e /cj.

)−3

[
σ̂ 4

e v̂ar
(
σ̂ 2

υ

) + σ̂ 4
ν v̂ar

(
σ̂ 2

e

) − 2σ̂ 2
e σ̂ 2

eν ĉov
(
σ̂ 2

e , σ̂ 2
ν

)]
(14)

gj,4 = σ̂ 2
e

N2
j

∑
i∈jr

c−1
ji =

(
Nj − nj

)
σ̂ 2

e

N2
j

Xj,r (15)

where σ̂ 2
e , σ̂ 2

ν , are estimates of the corresponding variances, γj =
σ 2

υ

σ 2
υ +σ2

e
/

cj.

and cj. is the sum of weights cji within domain j. Here

MSE
(
μ̂MB,j

) = E
(
μ̂MB,j − μMB,j

)2 where the expectation is taken
with respect to the model (3) (Rao and Molina 2015 p. 98), but it
does not describe the bias under the design, as the design-bias
is unobserved and unobservable, unless the whole population is
measured.

Model-based estimators using KNN
The KNN estimator for one unit i in domain j, ŷji, is

ŷji =
K∑

k=1

wji
kyji

k (16)

where yji
k is measured value of variable y in the kth nearest

neighbor unit of i in domain j, and K is the number of the used
neighbors. The weights wji

k are calculated based on the similarity
between the target unit ji and its neighbors k, and this similarity
is defined by a distance metric in predictor space. In this study, we
use the Euclidean distance metric.

In the model-based framework, the estimator for the mean in
domain j is the mean of the predictions

μ̂KNN,j = 1
Nj

Nj∑
i=1

ŷji = 1
Nj

Nj∑
i=1

K∑
k=1

wji
kyji

k (17)

However, suitable estimators for the variance and the MSE are
missing. Kangas et al. (2024) proposed to use the KNN approach
to predict the error variance for each unit i within domain j as

ê2
ji =

K∑
k=1

wji
k

(
eji

k

)2
(18)

That is, ê2
ji is the weighted average of the squared observed

residuals of the K nearest neighbors of that unit. We approximated
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the between-unit covariances using a fixed correlation assump-
tion with correlation (6) estimated from the area-effect model (3).
These assumptions lead to an estimator

v̂ar
(
μ̂KNN,j

) = 1
N2

j

Nj∑
i=1

ê2
ji + 2

1
N2

j

Nj∑
i=1

Nj∑
l>i

ˆcov
(
êji, êjl

) =

1
N2

j

⎧⎪⎨
⎪⎩

⎛⎜⎝
⎛
⎝ Nj∑

i=1

êji

⎞
⎠2

−
Nj∑

i=1

ê2
ji

⎞⎟⎠ · ρ̂ +
Nj∑

i=1

ê2
ji

⎫⎪⎬
⎪⎭ , (19)

where êji =
√

ê2
ji. Another alternative is to combine an indirect

KNN estimator and an EBLUP estimator using mixed model. The
composite of these two estimators can be obtained by using the
mixed model (3) to predict the residuals of the KNN estimate for
each (non-sampled) unit i in domain j, and calculating the result
as a sum of the KNN mean (17) and the EBLUP estimator (10) for
the mean error as

μ̂ = 1
N

Nj∑
i=1

ŷji + ejβ̂ + ν̂j (20)

This approach enables us to use the EBLUP analytical (11–15)
formulas to calculate the variance of the estimator, and to uti-
lize the within-area correlations estimable from the area effects
v̂j. Bell et al. (2022) made a bias correction to KNN small-area
estimates by calculating a design-weighted mean of the observed
errors. The approach of combining KNN and an area-effect model
can be seen as a generalization of that approach (e.g. Nothdurft
et al. 2009).

Generation of small domains
To have spatially contiguous and non-overlapping sets of small
domains (in what follows, the term domain refers specifically to
the simulated small areas, and term small area refers to generic
concept of small area), the large area was divided to J domains
with a k-means clustering approach with the coordinates as
the sole predictor (called HET from now on, Figs. S1 and S2 in
supplementary material). To make a more homogeneous set of
small domains, we used Maximum height (hmax_f) variable in
addition to the coordinates (HOM, Figs. S1 and S3). We used values
of J = 100 (resulting on average ∼59 ha domains) and 500 (resulting
on average ∼12 ha domains). As the average size of a forest
stand in Finland is ∼2 hectares and average forest estate size
∼30 hectares, even the more homogeneous domains are not as
homogeneous as forest stands would be, as each domain typically
would include several stands.

The linear model (3) results of the simulation experiment were
calculated using the three best predictors found with leaps R
package. The best predictors for a linear model were Proportion of
vegetation points relative to all points (%, first echo Pveg_f and last
echo Pveg_l), and Inner volume (Volin). The RMSE of this model,
calculated from all units in the population, was 36.11 m3/ha
and R2 0.87. In the simulations, the model was estimated from
each observed sample (Fig. S1), and is thus less accurate than
the model estimated from the whole population data. In KNN,
same predictors were used. The model estimated from the whole
population data was used for estimating the true influences of the
observations and for assessing the heterogeneity of the generated
small domains.

With J = 100 and only coordinates used for clustering, a lin-
ear area-effect model (3) with the above-mentioned explanatory

variables resulted in as a between-domain variation (i.e. variance
of the area-effect σ 2

v ) 9.3% of the total variation (σ 2
v +σ 2

e ), and when
Maximum height (hmax_f) variable was also used for clustering,
the between-domain variation was 18.3% of total variation. With
J = 500 the between-domain variation was 16.5% for the heteroge-
neous area division and 32.2% for the homogeneous division. The
between-domain variation represents the variation that the fixed
part of the model could not explain. When clustering was made
solely on coordinates (Fig. 1 heterogeneous), the mean volumes
of the produced domains had a symmetric distribution. However,
when hmax_f was introduced to the area division, the correspond-
ing distribution was markedly skewed (Fig. 1 homogeneous). With
500 areas, both distributions were skewed.

Estimators and sampling designs
In this study, we compared (i) simple random sampling (SRS), (ii)
local pivotal method (LPM) using the explanatory variables of the
model to balance the sample, (iii) pseudo-systematic sampling
with one unit selected from m (= total sample size) clusters
defined by k-means clustering (SYS), and (iv) stratified sampling
(STR). In stratified sampling we first selected strata based on the
quantiles (0%, 20%, 40%, 60%, 80%, and 100%) of the Inner volume
variable (Volin). Then, the stratum based on quantiles 0–20% was
kept as such and the other four strata were further divided to two
strata based on variable Proportion of vegetation points relative
to all points calculated from first echos (Pveg_f). This resulted in
nine strata with 46 365, 23 159, 23 206, 23 180, 23 184, 23 180, 23 185,
23 146, and 23 219 units.

While the stratification is based on two variables, the allocation
of the sample to these strata can still be carried out in several
fashions. Here, we tested Neyman allocation based on the vari-
ation of Influence (Eq. 2) of Volin and Pveg_f separately and the
sum of the influences of these two variables (later called STRInf,
see Fig. S1 in supplementary material). The sampling allocations
and results for all these variations were almost identical, so only
the allocation based on the sum of the influences is shown. This
allocation resulted in a sample size of 13, 3, 37, 20, 108, 64, 148, 205
and 402 units in the nine strata, respectively. The influence was
calculated from a model fitted to the whole data set, and thus it
is a true (but in reality, unattainable) influence in this dataset.

Finally, Neyman allocation was calculated in traditional way
(Eq. 1), based on the variance of the same variables and their sum
(later called STRNey, see Fig. S1 in supplementary material). Also
in this case, the sampling allocations for all these variations were
almost identical, so only the allocation based on the sum of the
variables is shown, resulting a sample size of 3, 10, 26, 94, 100, 141,
135, 177 and 314 units in the nine strata, respectively. Especially,
using the influence as a basis for stratification very heavily weight
the largest values of the predictors.

We generated S = 500 random samples s of size m = 1000 from
the simulated population data. With J = 100 the expected sample
size within each domain was 10 and with J = 500 it was 2. It means
that for many of the domains no data for EBLUP calibration was
available, especially in the low-end volume domains with strat-
ified sampling and Neyman allocation (either STRInf or STRNey).
The sampling fraction was 0.43%.

The tested estimators were model-based estimator using pre-
dictions from a linear model estimated for the large area (MBLA)
and model-based estimator with predictions from a KNN model.
In addition, we used model-based estimator where the predictions
were calibrated with observations from the domain with EBLUP
and a combination of KNN and EBLUP approach (KEB) (See Fig. S1
in supplementary material).
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Figure 1. The distribution of true mean volumes across domains with 100 areas (upper) and 500 areas (lower).

Performance evaluation
We estimated the bias as a difference between the mean of mean
estimates ŷj,s from samples s = 1, . . . , S and true mean Yj, i.e.

Biasj = 1
S

S∑
s=1

ŷj,s − Yj (21)

the true standard deviation as the standard deviation between the
mean estimates of the S simulations, i.e.

Sej =
√

1
S − 1

∑S

s=1

(
ŷj,s − ŷj,s

)2

(22)

and the true RMSE as

RMSEj =
√

1
S − 1

∑S

s=1

(
ŷj,s − Yj

)2
(23)

We also calculated for each of the estimators the empirical
coverage of the confidence interval (CI). First, we estimated for
each method the mean ŷj,s (Equations 8, 10, 17, and 20) and stan-

dard deviation σ̂
(
ŷsj

)
with the corresponding estimators (Equa-

tions 9, 11, 19, and 11). Then, for each domain, we counted the
proportion of samples s where the true mean was included in the
estimated confidence interval (Breidenbach et al. 2016)

CI = ŷsj ± 1.96 σ̂
(
ŷsj

)
(24)

We used the R-package JoSAE (Breidenbach et al. 2018) for
calculating the EBLUP predictions and their variances and the R
package yaImpute (Crookston and Finley 2007) for calculating the
KNN predictions. The whole simulation experiment is described
in the Fig. S1.
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Figure 2. The bias of 100 domains as a function of the mean volume of the domains with the four sampling designs and four modelling approaches.
Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their influences (STRInf).

Results
The four sampling designs and two allocation schemes for the
stratified sampling, SRS, LPM, SYS, STRInf, and STRNey produced
fairly similar results, but differences between the designs could
be seen in domains having the highest mean volumes. In both
sets of small domains (HOM and HET) the results with respect
to bias were fairly good for domains with mean volume less
than 150 m3/ha, but large underestimates were observed for the
domains with larger volumes (Fig. 2). In the more heterogenous
domains, the largest biases were smaller. It can be assumed that
the errors in heterogeneous domains somewhat cancelled each
other out, while this was not the case in the homogeneous areas.
The increasing bias is due to the fact that a model (i.e. an expected
value conditional on the used predictors) can never capture the
exceptionally large (or small) values, unless the model is perfect,
i.e. can explain all the variation. This phenomenon is clear from
any residual plots against the true values (cf. Ståhl et al. 2024).

The biases at the high-end domains were generally smallest
when using EBLUP and KEB methods with Neyman allocation
based on the influences (STRInf), but also the traditional Neyman
allocation (STRNey) produced good results regarding bias. Partly
this might be due to higher number of observations to be used
for calibration in these domains, but the EBLUP and KEB results
only included the domains from which there was at least one
observation in the sample. The worst results regarding to bias on
the high-end volume domains were produced by SYS, SRS, and
LPM. With MBLA and KNN the differences in bias between the
sampling methods were negligible.

The large biases in the domains with high volumes can also
be seen from the empirical coverage of the confidence intervals.
On average, the empirical coverages for both the heterogeneous
and homogeneous domains were good, varying from 92% to 98%
for MBLA and from 85% to 94% with KNN. With both MBLA and

KNN the empirical coverage reduced as a function of the true
mean volume of the domain with all sampling designs (Fig. 3). The
poorest sampling designs in this respect were the SRS, LPM and
SYS. With the EBLUP methods and the composite of EBLUP and
KNN (KEB) the decrease was generally not as steep, which was due
to the possibility of calibrating the estimate. These results are only
shown for areas from which at least one sample unit is available
for calibration. On the other hand, the empirical coverage in the
low-end volume domains was also poor for stratified sampling
designs (STRInf and STRNey), as for these domains suitable obser-
vations for calibration were scarce.

The results were very similar with smaller domains (J = 500),
except that the largest mean volume increased from ∼200 to
300 m3/ha in heterogeneous domains and from ∼300 to 400
m3/ha in homogeneous domains. Therefore, the biases at the
high-volume end were even more pronounced (Fig. 4), the largest
biases being ∼100 m3/ha underestimates. Also, the empirical
coverages for J = 500 (Fig. 5) were fairly similar than with J = 100
areas (Fig. 3), and therefore, in the following only figures for J = 500
are presented. The estimator of standard error for KNN (Eq. 17)
can inherently deal with a heteroscedastic variance: when the
residuals are small for lower volumes, their standard errors also
tend to be small in the low-end domains. For the estimator of the
standard error for MBLA (Eq. 11), on the other hand, homoscedas-
tic variance was assumed. This can be seen from the empirical
coverages where the coverage is smaller for KNN than for lin-
ear model in the low-end domains and higher in the high-end
domains.

Regarding to the RMSEs, the stratified samples again pro-
duced the best results in the domains with the highest mean
volumes (Fig. 6). The homogeneous domains had much higher
RMSEs than heterogeneous domains. Partly this is due to
heterogeneous domains having much shorter tail in the mean
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Figure 3. The empirical coverage of 100 domains as a function of the mean volume of the domains with the four sampling designs and four modelling
approaches. Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their
influences (STRInf).

Figure 4. The bias of 500 domains as a function of the mean volume of the domains with the four sampling designs and four modelling approaches.
Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their influences (STRInf).

volume distribution (Fig. 1, heterogeneous). Moreover, calibrated
EBLUP and KEB had generally smaller RMSEs than the uncali-
brated KNN and MBLA. It is notable that in the heterogeneous
domains and small or medium mean volumes SRS with EBLUP
and KEB were better than STRInf or STRNey. This is likely due

to calibration working better with less weighted data, i.e. with
allocation better balanced across the low-end domains. In all
other occasions STRInf or STRNey was better than SRS, meaning
that stratification could reduce the RMSE in the high-end
domains, but the effect was quite small.
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Figure 5. The empirical coverage of 500 domains as a function of the mean volume of the domains with the four sampling designs and four modelling
approaches. Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their
influences (STRInf).

Figure 6. The RMSE of 500 domains as a function of the mean volume of the domains with the four sampling designs and four modelling approaches.
Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their influences (STRInf).

As a function of the within-domain variance and homogeneous
areas, the EBLUP and KEB estimates were nearly unbiased with
both of the stratified designs (STRInf and STRNey, Fig. 7). With
MBLA and KNN the bias increased towards the high-end vol-

ume domains basically irrespective of the sampling design, but
less in homogeneous domains than in heterogeneous domains.
Regarding to the RMSE, the stratified designs were again better in
the high-end domains, but SRS and SYS were often better in the
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Figure 7. The bias of 500 domains as a function of the variance of volume within the domains with the four sampling designs and four modelling
approaches. Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their
influences (STRInf).

Figure 8. The RMSE of 500 domains as a function of the variance of volume within the domains with the four sampling designs and four modelling
approaches. Stratified sample is allocated with respect to variation of the sum of the explanatory variables Volin and Pveg_f (STRNey) or their
influences (STRInf).

lower end domains, especially when calibration was used (Fig. 8).
However, the differences were small.

On average over all methods, both with 100 and 500 domains, if
the domains were heterogeneous, systematic sampling produced

the smallest standard error (22) and RMSE (23). The largest Se
and RMSE were produced with STRNey (Table 2). In the homoge-
neous domains the STRInf allocation based on the variance of
the influence of the two predictors and STRNey allocation based
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Table 2. The averages of Se (Eq. 22), bias (Eq. 21) and RMSE (Eq. 23) over the 100 and 500 small areas with homogeneous and
heterogeneous area division using Volin and Pveg (first echo pveg_f) for stratification and allocated according to the variance of the
sum of them STRNey or the sum of their influences STRInf.

J = 100 J = 500

Homogeneous Heterogeneous Homogeneous Heterogeneous

Method Se Bias RMSE Se Bias RMSE Se Bias RMSE Se Bias RMSE

LPM EBLUP 5.36 −0.44 6.51 5.33 −0.22 7.33 7.15 −0.71 10.11 6.19 −0.05 10.14
KEB 4.87 −0.44 6.36 5.34 −0.14 7.59 6.32 −0.69 9.54 6.15 0.11 10.24
KNN 2.25 −1.05 7.38 1.92 −0.75 8.69 2.77 −1.43 10.00 2.39 −0.28 10.64
MBLA 2.58 −0.44 9.02 1.56 −0.22 8.53 2.42 −0.90 11.26 1.75 −0.06 10.72

SRS EBLUP 5.43 −0.26 6.61 5.35 −0.13 7.31 7.20 −0.79 10.11 6.21 −0.05 10.12
KEB 4.90 −0.24 6.44 5.31 −0.14 7.54 6.35 −0.74 9.52 6.24 0.06 10.26
KNN 2.36 −1.00 7.40 1.94 −0.77 8.70 2.76 −1.57 10.02 2.44 −0.39 10.67
MBLA 2.73 −0.26 9.11 1.62 −0.14 8.55 2.40 −0.99 11.25 1.81 −0.05 10.75

STRInf EBLUP 5.46 −0.40 6.16 8.78 −0.18 9.20 7.03 −1.10 9.61 9.78 −0.35 11.28
KEB 4.73 0.87 6.52 8.71 1.19 9.16 5.96 0.17 9.32 9.27 1.15 11.11
KNN 1.92 −0.57 7.29 1.50 −0.46 8.44 2.35 −1.13 9.98 2.00 −0.09 10.53
MBLA 3.10 −0.39 9.34 2.07 −0.16 8.79 2.81 −1.26 11.73 2.21 −0.39 11.27

STRNey EBLUP 5.20 −0.72 5.99 9.48 −0.83 10.31 6.89 −1.22 9.52 10.55 −0.88 11.94
KEB 4.71 0.80 6.51 9.44 0.89 9.90 6.00 0.28 9.19 10.01 1.01 11.44
KNN 2.00 0.45 7.53 1.55 0.69 8.57 2.42 0.06 10.13 2.02 1.08 10.63
MBLA 2.90 −0.71 8.98 1.94 −0.82 8.80 2.81 −1.29 11.66 2.27 −0.92 11.56

SYS EBLUP 5.31 −0.36 6.46 4.56 −0.17 6.98 7.06 −0.69 10.05 5.14 −0.11 10.02
KEB 4.87 −0.38 6.38 4.70 −0.12 7.29 6.23 −0.73 9.50 5.25 −0.14 10.11
KNN 2.31 −0.97 7.48 1.75 −0.82 8.61 2.79 −1.45 10.03 2.24 −0.60 10.58
MBLA 2.57 −0.36 9.01 1.41 −0.17 8.50 2.46 −0.85 11.26 1.69 −0.11 10.68

MBLA = a linear model estimated for the large area; KNN = model-based estimator with predictions from a k nearest neighbours model; EBLUP = model-based
estimator where the predictions were calibrated with observations from the domain; KEB = a KNN prediction calibrated with the EBLUP approach.

on the variance of the predictor variables often produced the
best results regarding standard error, but worst results regarding
RMSE. SRS and SYS produced the best results regarding RMSE. The
differences were however small: with 100 domains SYS was on
average 2.2% better than SRS with respect to RMSE in the hetero-
geneous domains, and 0.7% better in the homogeneous domains
(Table 2). With 500 domains, the SYS was better by 1.0% in hetero-
geneous domains and 0.1% better in homogeneous domains than
SRS.

The results were also be compared with respect to the pixel-
level accuracy (Fig. 9). In both the heterogeneous and homoge-
neous domains and both domain sizes the average RMSEs of
pixel-level predictions were smallest with SYS for MBLA and with
STRNey for KNN. When calibration was possible, SYS was also the
best for EBLUP and LPM for KEB. However, for EBLUP and KEB it was
not possible to calculate the average RMSEs at all for all cases. This
was due to the results being only available from the areas with
observations, and when using Neyman allocation it meant that
many of the low-end domains did not have observations in the
iterations. In these areas, KNN and MBLA would need to be used.
As the need for calibration is highest in the high-end domains,
this is not a serious problem. In all cases, the allocation with
respect to influence (STRInf) produced less accurate results than
allocation with respect the variance of the variable itself (STRNey).
Stratification did not improve the estimate of the whole area
mean except for KNN in the heterogeneous domains but often
produced biased results. Regarding to the overall mean, LPM and
SYS with either EBLUP or KEB produced the least biased results.

Discussion
In model-based estimation and inference, sampling design is
unimportant in a sense that any design is allowable. Yet, sampling

design can influence model quality, and through that affects
inferences, as the validity of inferences is solely based on the
validity of the model. In this study the sampling design had a clear
effect on the pixel-level RMSEs that on average increased when
using stratification. Stratification also had an effect on the whole-
area mean estimates, for which the stratification with Neyman
allocation produced biased results. This is due to not acknowl-
edging the sampling weights in the modelling. With proper design
weights (in design-based setting) the Neyman allocation produces
unbiased results (e.g. Särndal et al. 1992).

Regarding to the small area estimation, the effect of designs
was on average fairly small. The largest difference among the
sampling design was observed with KNN, where the stratification
markedly reduced the average Se across the areas with both
sample allocations (Table 2). Yet, RMSE only improved a little, and
mainly in the heterogeneous domains. Contrary to this, in model-
based estimation with a linear model (MBLA) the stratification
and Neyman allocation based on either the variance of predictor
variables or their influence (STRNey and STRInf) increased the aver-
age RMSE by 2–15% compared to SRS. LPM did not provide notable
improvements over SRS. Overall, SYS was the best method, but
even for SYS the improvements were typically less than 1% in
RMSE. This result was somewhat surprising, as the Neyman
allocation based on the influence of given predictor produces the
smallest variance of the estimate of this predictor. It is evident
that the potential improvements in the variances and covariances
of the parameters are less important than the concentration of
similar errors to the same domains, i.e. the spatial correlations.
Moreover, the results were quite similar irrespective if the
influence was calculated from the inner volume, the proportion
of the vegetation points or from both. In preliminary tests the
allocations were done both with respect to the single predictor
variables and to their sum, and the variations between them
were negligible.
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Figure 9. The average RMSE at pixel level and the whole area mean with J = 100 for heterogeneous domains. The results for homogeneous areas are
identical except for the calibration for the area-effect.

Since the Neyman allocation either according to a variance of
predictor (STRNey) or its influence (STRInf) heavily weighted the
strata with largest values of the predictors, the results improved
mostly with domains with highest true mean volume. With LPM
or stratification using proportional allocation (results not shown)
the results at these high-volume domains did not improve on
average, or only improved very little. The mean volumes in these
domains were generally heavily underestimated, especially when
the domains were small and homogeneous. Thus, even though
the linear model is unbiased for the whole area, the model-based
estimates in part of the domains were clearly biased. This can
be seen as an example of the design-bias in the model-based
estimation (Ståhl et al. 2024). For the cases when there were
observations that could be used for calibration (EBLUP and KEB)
the underestimation was to some extent lower with the Neyman
allocation.

However, the smaller underestimation at the high-end domain
came with a cost in domains with a small or moderate mean
volume: in these domains the RMSE was highest with the strat-
ification and Neyman allocation. In these domains there also
was a limited opportunity to calibrate with observations, as the
number of units selected from such domains was very small.
This also reduces the efficiency of EBLUP and KEB estimators in
such domains, which can be seen as higher RMSE (e.g. Fig. 6).
Even more clearly it can be seen from the empirical coverages
of the empirical confidence intervals (Figs. 3 and 5), which gave
especially poor results in the low-end domains. Overall, using
EBLUP calibration whenever it is possible seems advisable, con-
firming the earlier results with larger small domains (Breidenbach
et al. 2016, Magnussen and Breidenbach 2017, Frescino et al. 2022,
Kangas et al. 2024).

The importance of the spatial correlations within the domains
was very clear seen in the empirical coverages. When the empir-
ical coverages were calculated ignoring the spatial correlations,
i.e. only based on the parameter errors, the empirical coverages
of MBLA dropped below 0.6 already when the mean volume

in the domain was 50 m3/ha with J = 100 and homogeneous
division of domains. With 500 domains and homogeneous
domains, the empirical coverage dropped below 0.25 when
the true means of the domains were over 100 m3/ha. Thus,
the assumption of the within-domain spatial correlation is
the decisive factor regarding the successful estimation of the
accuracy of the small area estimates (cf. Kangas et al. 2024
for KNN).

Part of the importance of the spatial correlation obviously
comes from the assumption of a correlation of the errors in the
true model, which was used to generate the population used in
this study. However, the spatial correlations were important even
if the errors of the true model were assumed independent. Assum-
ing independent errors of the true model, the within-area corre-
lation for the heterogeneous domains varied from 0.031 (J = 100)
to 0.066 (J = 500) and for the homogeneous domains from 0.160
(J = 100) to 0.253 (J = 500). This can be explained by the fact that the
true model had seven explanatory variables and the model used
in the study had only three, even though the difference in R2 was
quite small (0.897 versus 0.87). The missing predictors compared
to the ‘true’ model can thus introduce spatial correlation into the
predictions even if the error of the ‘true’ model were assumed
independent.

The smaller correlations caused smaller average RMSEs. For
instance with heterogeneous domains and J = 100 the RMSE
reduced from 8.55 to 5.24 and with homogeneous domains from
9.11 to 8.73 (average results are shown in supplementary material
Table S1). The smaller correlation also caused smaller estimated
variances, narrower CIs and thus reduced the empirical coverages.
This was especially clear in the heterogeneous domains, where
e.g. the average empirical coverage of linear model with SRS
reduced from 93.4% to 86.7% (Average empirical coverages
are shown in the supplementary material Table S1). Thus, the
correlation assumption was decisive also when the true model
errors were assumed independent when generating the true
population.
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It can be concluded that heavy weighting of the high-end
predictor values improves the predictions and reduces the bias in
the domains with high volumes, but with high risk of poor results
elsewhere. Thus, if the main purpose of the inventory is to be
consistently good through all domains, SYS can be recommended,
but if the purpose is to locate domains with high volumes, the
stratified designs using Neyman allocation might be useful. Since
the homogeneity of the domains has a clear effect on the results,
it can be assumed that the bias with respect to the high-end vol-
umes would be even more pronounced, if the size of the domains
were further reduced and they were even more homogeneous.
Such could be the case with forest stands.

Therefore, it would be very important to be able to improve
the predictions in the high-end domains. However, as the models
never really capture the exceptional values, it can be assumed
that improvements with better modelling techniques are likely to
be small. If the poor results with STRInf and MBLA were partly
due to prevailing non-linearities in the relationships, other type
of modelling method than linear models (like boosted trees or
copula prediction models) could possibly improve the results. For
instance, Toivonen et al. (2024) found that tree boosting with
random effects improved notably the results in the high-end tail
of stand age. Cheng et al. (2025) used copula regression, and that
also is promising regarding to the high-end values.

In practical forest inventory, systematic sampling often used in
National Forest Inventories appears to be a good choice regarding
the small-area estimation. While stratified sample with Ney-
man allocation is optimal for the large-area estimation, for small
domains it may be a risky option. The best option for mod-
elling could be a stratified sampling, where part of the sample
were equally allocated to strata, and the rest were allocated
using Neyman allocation. This would mean that there are some
observations also for the low-end volume domains, but plenty
of observations from the high-end volume domains for EBLUP
calibration where the calibration is most effective.

It seems that calibration, i.e. obtaining an accurate estimate
of the area-effect for all domains, is the likeliest way to improve
the results in the high-end domains. It is also highly unlikely
that NFI plots would be available for all small domains, especially
if they are as small as stands. One possibility for this could be
that the area-effects of the sampled domains were modelled and
then predicted for the non-sampled domains. For instance, Kilkki
and Lappi (1987) predicted the random effects of taper curve
using regressions, and Saei and Chambers (2005) estimated the
area-effects using the spatial correlation between domains. The
potential of such approaches remains to be studied in the future.

Conclusion
Model predictions as expected values conditioned on predictors
never can capture the exceptionally large true values of the
response variable. Therefore, it is clear that model-based esti-
mation does not fit well for the cases where the purpose is
to locate the small areas with high values, like most valuable
stands in stand-level inventory. Having field data for calibration
using EBLUP helps and is thus highly recommendable whenever
it is feasible. Sampling designs providing some sample units for
most small areas, but yet assigning more calibration data for
the most interesting small areas could be the optimal approach.
Such approach could be used to improve the results in high-end
domains. In the low-end and middle-end domains the sampling
designs had minor effect. When the domains are as small and

homogeneous as stands, improvements in the prediction of the
area effects might be the optimal solution.
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